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Abstract

A method is presented for determining the nonlinear stability of undamped flexible structures
spinning about a principal axis of inertia. Equations of motion are developed for structures
that are free of applied forces and moments. The development makes use of a floating reference
frame which follows the overall rigid body motion. Within this frame, elastic deformations are
assumed to be given functions of n generalized coordinates. A transformation of variables is
devised which shows the equivalence of the equations of motion to a Hamiltonian system with
n + 1 degrees of freedom. Using this equivalence, stability criteria are developed based upon
the normal form of the Hamiltonian. It is shown that a motion which is spin stable in the
linear approximation may be unstable when nonlinear terms are included. A stability analysis
of a simple flexible structure is provided to demonstrate the application of the stability criteria.
Results from numerical integration of the equations of motion are shown to be consistent with
the predictions of the stability analysis.

A new method for modeling the dynamics of rotating flexible structures is developed and
investigated. The method is similar to conventional assumed displacement (modal) approaches
with the addition that quadratic terms are retained in the kinematics of deformation. Retention
of these terms is shown to account for the geometric stiffening effects which occur in rotating
structures. Computational techniques are developed for the practical implementation of the
method. The techniques make use of finite element analysis results, and thus are applicable to
a wide variety of structures. Motion studies of specific problems are provided to demonstrate
the validity of the method. Excellent agreement is found both with simulations presented in the
literature for different approaches and with results from a commercial finite element analysis
code. The computational advantages of the method are demonstrated.
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1. Introduction

The analysis of rotating flexible structures is an active area of research having appli-
cations in a variety of engineering disciplines. A thorough and accurate dynamic analysis
is often critical to the success of structural designs that involve rotating members. Exam-
ples of fields requiring such analysis include robotics, rotating machinery, flexible space
structures, helicopter blades, and wind turbines.

The design of a vertical axis wind turbine is one example which highlights the impor-
tance of dynamic analysis in the design of rotating structures. During its operation, the
turbine is subjected to wind loads with frequency content primarily at integer multiples
of the rotation rate. Successful design of the wind turbine depends heavily on the ability
to accurately predict the natural frequencies of the structure so to avoid any resonances.
Failure to do so can result in designs having unacceptably short lifetimes.

Analysis of the motion of rotating flexible structures presents many challenges. Much
care must be taken in forming the equations of motion to correctly account for the
coupling between the flexible and overall rigid body motions. In contrast to the motion of
fixed structures, small strains can be accompanied by large displacements and rotations.
The equations of motion are inherently nonlinear, even when the effects of flexibility are
absent.

1.1 Focus of Report

The focus of this report is on the stability analysis and modeling of rotating flexible
structures. Two fundamental areas are entailed in the study. The first one deals with
determining the stability of motion based upon the equations of motion. Of particular
interest is the stability of unrestrained bodies rotating about an axis of principal moment
of inertia. The second area involves the development of mathematical models for rotating
structures. It is upon these models and basic physical laws that the equations of motion
are based.

1.1.1 Stability Analysis

A great deal of information is available in the technical literature on the stability
analysis of rotating flexible structures. A classical result for rigid bodies states that a
motion of simple spin is stable about either the axis of minimum or maximum moment of
inertia in the absence of external moments. Stability criteria obtained to date for flexible
structures require spin to occur about the axis of mazimum moment of inertia. Such
criteria generally hold either in the presence or absence of internal energy dissipation. The



principal contribution of the present work is the development of a method to assess the
stability of spin about the axis of minimum moment of inertia for undamped structures.

1.1.2 Modeling

The modeling of rotating flexible structures is another area which is represented
well in the literature. Recent approaches for modeling often involve use of the finite
element method in one form or another. Commercially available finite element analysis
codes are capable of simulating the motion of rotating structures, but the computational
requirements can be excessive even for simple problems. In addition, simulation provides
only a part of the picture as far as stability is concerned. The contribution of the
present work in this area is towards the practical application and verification of a recently
proposed modeling technique based on finite elements. This modeling technique can be
used along with the method developed for stability analysis to assess the attitude stability
of a rotating flexible structure.

1.2 Literature Review

A review is made of the relevant literature in this section. The first part is concerned
primarily with the topic of stability analysis, but involves certain aspects of modeling as
well. In many instances, a combined discussion of stability and modeling is justified by
the strong link between the two. The second part of the review deals exclusively with
modeling techniques. In the light of the scope of the present work, attention is restricted
to single-body, flexible structures. Papers dealing with multi-body configurations and
dual-spin satellites are not discussed.

1.2.1 Stability Analysis

Much of the interest in the unrestrained motion of rotating flexible structures has
its origins with America’s first satellite, Explorer 1. The configuration of Explorer I con-
sisted of a long cylindrical core body with radially attached flexible antennas [1]. The
satellite was initially put into a spinning motion about its longitudinal axis of symmetry
(minimum moment of inertia). After only one complete orbit, radio signals indicated
that the satellite was in a tumbling motion.

The explanation for the unexpected motion of Explorer I is attributed to Bracewell
and Garriott [2]. For fixed angular momentum, one can show that the kinetic energy of
a rigid body is maximized for spin about the axis of minimum moment of inertia. In
contrast, spin about the axis of maximum moment of inertia corresponds to the minimum
energy state. It was concluded that the nominal spinning motion of Explorer I about its
axis of minimum moment of inertia could not be maintained because of hysteretic energy
losses caused by motion of the flexible antennas.



Thomson and Reiter [3] quantitatively examined the effects of energy dissipation on
the attitude of a spinning body. Expressions were obtained for the time rate of change
of a body’s precession cone angle in terms of a hysteretic damping factor and other
parameters for two simple models. Flexible deformations were expressed in one of the
models using a modal expansion technique, a practice used subsequently by many other
authors.

A solid mathematical basis for the stability analysis of rotating bodies was provided
by the work of Pringle [4]. Using the direct method of Liapunov, basic theorems were
established on the stability of damped mechanical systems with connected moving parts.
Among these was the so-called maximum axis rule which states that for a completely
damped system' a motion of simple spin can only be stable about the axis of maxi-
mum moment of inertia. The stability of an unconstrained, nongyroscopic system with
damping was shown to depend on the positive definiteness of a potential function.

A linear stability analysis of a spin-stabilized satellite with flexible antennas along
its axis of rotation was performed by Meirovitch and Nelson [5]. Both spring-mass and
continuous beam models of the antennas were used in the analysis and yielded similar
results. In addition to the requirement of spin about the axis of maximum moment of
inertia, other relations involving the spin velocity and dynamic properties of the antennas
were needed to establish stability. A similar analysis of a slightly more general model
with antennas transverse to the axis of rotation was given by Dokuchaev [6].

Nonlinear stability analyses of torque-free motions invariably made use of the con-
servation of angular momentum. Conserved momentum quantities along with the total
system energy allowed authors to construct Liapunov functions for stability considera-
tions. A common result of such analyses was the maximum axis rule. Other conditions
specific to the given problem were also required to establish sufficient conditions for
stability.

Hughes and Fung (7] studied the stability of a satellite consisting of a central rigid
body with flexible, radial beams. Implicit in their analysis was the assumption that the
central body mass center remains fixed in an inertial frame. Centrifugal stiffening was
accounted for by including second-order terms associated with the foreshortening effect
in the radial beams [8]. Deformations of the radial beams were described in terms of
a modal expansion. Remarkably, the authors obtained sufficient conditions for stability
which did not depend on truncation of the modal expansion.

Nelson and Meirovitch {9, 10] applied Liapunov’s direct method to the analysis
of gravity-gradient stabilized satellites for both discrete mass and continuous system
models. In the second of these two works, hounding properties of Rayleigh’s quotient
were exploited to establish stability criteria. Interestingly, the method did not require

'A completely damped systern dissipates energy for all motions except “rigid body” spin about a principal
axis.
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the solution of the complete eigenproblem associated with elastic motions, but only the
first eigenvalue. The work in [9] was extended by Meirovitch [11] to incorporate angular
momentum integrals and was applied to the torque-free spinning motion of a satellite
modeled as a rigid body with two flexible attachments.

Meirovitch [12] later introduced the notion of integral coordinates to accomodate
situations where density functions could not be readily defined. The method of integral
coordinates was applied to the problem of a torque-free satellite modeled as a rigid central
body with up to three pairs of flexible rods. The stability criteria compared favorably
with ones from another analysis based on a modal approach with series truncation. A
comparative study of stability analysis methods based upon density functions, integral
coordinates, and modal analysis was given in [13].

Teixeira-Filho and Kane [14] developed a method to construct stability criteria for
spinning, torque-free, elastic, dissipative systems. Unique to their analysis was the use
of a floating reference frame always aligned with the principal axes of the body. As
a consequence, stability criteria decoupled directly into external (maximum axis rule)
and internal stability conditions. The method was applied to a rigid satellite carrying
four elastically mounted antennas in [15]. Levinson and Kane [16] later used this method
along with a finite element approach to analyze the attitude stability of a spinning satellite
equipped with four elastic booms.

Numerous other works on stability similar to the ones just described were provided
by a host of authors [17, 18, 19, 20, 21, 22, 23, 24]. In most instances, stability criteria
were based upon the direct method of Liapunov and involved the maximum axis rule.

More recently, Holm et al. [25] applied the so-called Energy-Casimir Method to
study the stability of spinning motions of a torque-free rigid body and a Lagrange top.
The method involves inferring stability from the sign-definiteness of a function composed
of the total system energy and a Casimir(s). The stability conditions obtained were
consistent with classical results. For discrete problems having a finite number of degrees
of freedom, this method does not appear to offer any advantages over earlier approaches
based on Liapunov’s direct method.

Krishnaprasad and Marsden [26] applied the Energy-Casimir Method in an infinite-
dimensional setting to the stability analysis of an undamped, unrestrained rigid body
with an attached shear beam. In this case, the Casimir was simply a function of the
angular momentum magnitude, a conserved quantity. Sufficient conditions for stability
involved inequalities similar to the maximum axis rule as well as an upper bound on the
spin velocity. A related analysis for a disk-beam system rotating about a fixed axis was

given by Baillieul and Levi [27].

Simo et al. [28] developed a nonlinear stability analysis technique called the Energy-
Momentum Method and applied it to coupled rigid body and elastic rods. The method
is a generalization of the classical energy method of Lagrange and makes use of both the

11



energy and other conserved quantities such as the components of angular momentum. In
this particular sense, the method is quite similar to others described earlier. The major
difference with the method is its applicability to infinite-dimensional systems. Use of a
block diagonalization technique leads to a division of rigid body and internal vibration
stability criteria analogous to that found in [14]. A simpler application of the Energy-
Momentum Method to the planar motions of a rotating beam was given by Bloch [29].

Liu {30] made a stability analysis of a rotating system consisting of two rigid bodies
connected together by a frictionless spherical joint. Both bodies were assumed to be
axisymmetric and the spherical joint connecting the two was located at the intersection
of their axes of symmetry. Two cyclic integrals were shown to exist in addition to
the integrals of angular momentum and energy. Using the four constants of motion, a
Liapunov function was constructed which inferred stability for spin about either the axis
of maximum or minimum moment of inertia of the combined bodies. As an aside, it is
noted that the system examined was not flexible in the sense that relative motion of the
two rigid bodies causes changes in strain energy. That is, the spherical joint provided no
restoring torque.

1.2.2 Modeling

Since the period of the late 1960’s, a large number of publications appeared on the
modeling and analysis of rotating space structures. A key element common to many of the
analyses was the use of a floating reference frame which follows the overall “rigid body”
motion (see, e.g., [31, 32, 33, 34, 35]). Expression of elastic deformations with respect to
such a frame often obviated the need for large displacement elasticity theory. It is noted,
however, that-although strains within a rotating structure may remain small, some form
of nonlinear analysis is required to capture the effects of geometric (centrifugal) stiffening

[8].

Laskin et al. [36] studied the unrestrained motion of a free-free beam subject to large
overall motions. A description of the beam kinematics was given in terms of the motion
of a floating reference frame along with a modal expansion for elastic deformations.
Kane’s equations [37] were used to derive the governing dynamical equations. Centrifugal
stiffening effects were accounted for by generalized active forces derived from the nonlinear
theory of elasticity.

In recent years, a renewed interest has emerged in the modeling of rotating flexible
structures. An often cited reference dealing with this subject is by Kane et al. [38]. Here,
the authors developed a comprehensive theory for small vibrations of a general beam
attached to a base undergoing arbitrary, prescribed motion. Perhaps more important was
the attention they drew to certain deficiencies of existing multibody computer programs.

To illustrate these deficiencies, simulations for a spin-up maneuver of a cantilever
beam attached to a rotating base were carried out using both the new approach and the
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conventional approach upon which the multibody codes were based. Results from the
conventional approach indicated that the beam tip displacement grows without bound.
In contrast, results based on the new approach predicted the expected bounded motion
of the beam.

The cause for the unrealistic predictions of the multibody codes was attributed ulti-
mately to the omission of centrifugal stiffening. Such an omission is somewhat surprising,
considering the wealth of knowledge on the subject at the time. Evidently, though, the
belief was commonly held in the aerospace industry that these multibody codes could be
used to correctly simulate the motion of systems containing flexible bodies [39].

Lee and Christensen [40] developed a finite element method applicable to the motion
of unrestrained flexible structures undergoing large elastic deformations. Equations of
motion were derived from momentum principles and the principle of virtual work. A
three-noded, eighteen degree of freedom beam element was developed and applied to
motion studies of a simple spacecraft.

Simo and Vu-Quoc [41] used finite strain rod theories in a treatment of the planar
motion of beams undergoing large overall motions. A distinguishing feature of their
approach was the use of an inertial frame as opposed to a floating frame for the description
of beam motion. As a consequence, the inertia operator was linear and uncoupled,
while the stiffness operator was nonlinear. The method was applied to several example
problems in [42] and later extended to the three dimensional case in [43].

Simo and Vu-Quoc stressed the advantages of their approach over ones which em-
ploy a floating reference frame. Key to one of their arguments was the assertion that
introduction of a floating frame leads to a system of differential equations involving a
nonlinear algebraic constraint. Examples are presented in Chapter 4 which show that
this assertion is certainly not true for all such formulations.

The analysis of plate-like structures has also received due consideration in the liter-
ature. As with beams, care must be taken to account for geometric nonlinearities such

as centrifugal stiffening. Examples of formulations specific to rotating plates include the
work in [44, 45, 46, 47].

Application of a commercial finite element analysis code to the dynamic analysis of
rotating beams was reported by Peterson [48]. Simulations were carried out for three
different problems which were modeled using ten geometrically nonlinear beam elements.
Results of the simulations indicated that the finite element analysis code accounted for
various geometric nonlinearities.

In theory, one should be able to use any one of several existing finite element analysis
codes to simulate the motion of rotating flexible structures. Although this may be true in
some instances, the computational requirements often become excessive even for relatively
simple problems. A specific example which illustrates this observation is provided in
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Chapter 4.

Zeiler and Buttrill [49] presented a method of analysis providing a compromise be-
tween fully nonlinear theories and others that assume rotation about a fixed axis. The
method involved a floating reference frame and the calculation of geometric stiffness ma-
trices for six sets of centrifugal loads. The effects of centrifugal stiffening were accounted
for approximately by including the geometric stiffness matrices in the analysis. Compu-
tational requirements of the method were reduced by expressing elastic deformations as
a modal expansion of a structure’s free-free modes.

A method quite similar to that in [49] was given by Banerjee and Dickens [50].
Simulations of spinning motions for a cantilevered beam and a cantilevered plate were
performed. Results of the simulations were shown to be in good agreement with the
predictions of special-purpose theories developed earlier.

The methods presented in the two previously cited works made a significant contri-
bution to the state of the art for motion simulation of rotating flexible structures. Both
of the methods have the advantage of being applicable to general structures. Another im-
portant advantage is that of computational efficiency. By employing a floating reference
frame and modal expansions for elastic deformations, the computational requirements
for motion simulations are reduced significantly.

A recently proposed method possessing all of the advantages just mentioned was
given by Segalman and Dohrmann [51]. Their approach makes use of a floating reference
frame and a reduced set of degrees of freedom, but does not explicity involve the calcu-
lation of geometric stiffness matrices. Furthermore, all of the terms necessary to form
the equations- of motion can be obtained from any finite element analysis code capable
of nonlinear static and linear dynamic analysis. The development and implementation
of this method is the subject of Chapter 4.

1.3 Summary of Contents

Equations of motion are derived in Chapter 2 for undamped rotating flexible struc-
tures that are free of applied forces and moments. The formulation is based upon the
use of a floating reference frame which follows the overall rigid body motion. An as-
sumed displacement approach is adopted whereby elastic deformations of the structure
are expressed as functions of n generalized degrees of freedom. An important result is
the development of a nonlinear transformation of variables which puts the equations of
motion into a canonical form. In particular, it is shown that the equations of motion are
equivalent to a Hamiltonian system with n + 1 degrees of freedom. This result serves as
the basis for the development of Chapter 3.

A method is presented in Chapter 3 for determining the nonlinear stability of flexible
structures spinning about a principal axis of inertia. The method has its foundation on
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the equivalence of the equations of motion to a Hamiltonian system. Transformation of
the equivalent system Hamiltonian to its so-called normal form permits application of
the work of previous authors to the question of stability. A closed-form stability analysis
of an example problem is provided to illustrate the method. Results of the analysis are
confirmed by numerical integration of the equations of motion.

The development and implementation of a recently proposed method for modeling
rotating flexible structures is the subject of Chapter 4. The method utilizes a floating
reference frame in accordance with the development of Chapter 2. Within this reference
frame, deformations are expressed in terms of a quadratically-coupled set of deformation
modes. The method is applicable to general structures and its implementation is facili-
tated through the use of a nonlinear finite element analysis code. The application of the
new method of modeling is illustrated by several examples. Comparison of results are
made for problems found in the literature for the purpose of verification. The compu-
tational advantages of the method over a commercially available finite element analysis
code are demonstrated for a specific example.

The principal results and conclusions of the report are presented in Chapter 5. Also
included is a discussion of the significant contributions of the present work to the areas
of the stability analysis and modeling of rotating flexible structures.

15



2. Equations of Motion

The subject of this chapter is the development of governing equations of motion
for rotating flexible structures. Key to the development is the use of a reference frame
which follows the overall rigid body motion of the structure. Within this frame, elastic
deformations are assumed to be functions of n generalized degrees of freedom. It is shown
using a nonlinear transformation of variables that the governing equations are equivalent
to a Hamiltonian system of equations with n + 1 degrees of freedom. This result serves
as the basis for the method of stability analysis presented in Chapter 3.

Equations of motion are derived in the first section from fundamental principles of
dynamics. Equivalent sets of equations better suited for numerical integration and stabil-
1ty analysis are also formulated. The second section is concerned with the development of
a transformation of variables which puts the equations of motion into a canonical form.
The chapter concludes with a simple application of this transformation.

2.1 Derivation of Equations

2.1.1 Introduction

A system of interconnected particles each of mass m* (: = 1,...,N,) is depicted in
Figure 2.1. Also shown in the figure are a floating reference frame, B, and an inertial
frame, N. Orthogonal, dextral sets of unit vectors by, by, b3 and n;,n,, n3 are fixed in
B and N, respectively.

The onigin, O, of B is chosen to coincide with either the mass center or a fixed point
of the system. The orientation of B in N depends upon the particular choice for the
floating frame. Regardless of this choice, the intention is for B to follow the nominal
rigid body motion of the system. The central principal axes of the system are assumed
to be parallel to by, b;, bs for motions of simple spin about a principal axis.

The angular velocity vector of B in N is expressed in terms of the unit vectors fixed
in B as

W = (.U]b] + w2b2 + w;;bg (21)
The position vector from O to the 2’th particle when the system is undeformed is

denoted by r* (see Fig. 2.1). Similarly, the displacement vector of the 7’th particle from
its undeformed position is denoted by u‘. Expressions for r' and u® are given by

l’i = 7'§b1 + 7';b2 + 7'§b3 (22)

16
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Figure 2.1. Sketch of the system of particles and reference frames.
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and

lli = u'ib] + ‘u;bg + ugb;; (23)

The scalars r},r5,75 in Eq. (2.2) are all constant, whereas u},uj,u in Eq. (2.3) are
functions of dimensionless generalized degrees of freedom ¢, ..., q,.

Two notational conventions from [37] are adopted here. The first is the practice of
denoting the time derivative of the vector p in the reference frame A by %tip. The second
is the placement of numbers along with the equality sign in an equation. For example,

the appearance of (1,2) in the equation y 2 e + b indicates that the result is obtained
with reference to Egs. (1) and (2).

Einstein’s summation convention is employed as a notational convenience. With
this convention, the repeated appearance of an index implies summation over all possible
values of the index. For example, Eq. (2.3) is written more compactly as u* = u}by.

2.1.2 Derivation

The basic approach of this section is to apply fundamental principles of classical
mechanics to derive the governing equations of motion. Equations associated with the
motion of the floating reference frame are obtained from conservation of linear momentum
and the angular momentum principle. The remaining equations of motion are given by
Lagrange’s equations.

It is assuined that there are no energy losses in the system caused by internal damp-
ing. The assumption is also made that the system is free of any external forces and
moments, unless O is a fixed point. In this case, reaction forces acting at O are permit-

ted.

The velocity of O can always be set equal to zero regardless of whether or not O is
a fixed point. If O is not fixed, then it is the center of mass of a system free of external
forces. Conservation of linear momentum implies that the velocity of O is constant. No
loss of generality results by setting the constant velocity equal to zero.

Let v* denote the velocity of the 2’th particle in N. Using a basic kinematical
relationship one obtains

. By . o
v = E(r'—{—u‘)—{—wx (r' +u)
2.2-2.3 out. . . .
( = ) 5_"(1] + éklmw[(r':u + u:n) bk (24)
q;
= v b (2.5)



where (') denotes time differentiation and €;,, is the permutation symbol defined as

1 for even permutations of (k,l,m)
€m = § —1 for odd permutations of (k,I,m) (2.6)
0 otherwise

The angular momentum vector, H, of the system about O is defined as

NP

H = Zmi(ri +u') x v* (2.7)
t=1

= h]bl + hzb-z + h3b3 (28)

Application of the angular momentum principle yields

Bd
— =0 2.
| dtH+w><H (2.9)
or, equivalently,
Dy = wshy—wph (2.10)
dt 1 = W3hz —Wwai3 .
d
Et'hz = w1h3_w3hl (211)
d
ah3 = w2h1’—w1h2 (212)

It follows from Egs. (2.10-2.12) that the magnitude of the angular momentum vector,

defined as
h=1/h?+h2+ A, (2.13)

is constant. Equation (2.13) is used later to reduce the number of equations of motion
by one.

It is useful to obtain expressions for the momenta variables hy, k3, k3 in terms of the
system kinetic energy, T, defined as
1 &
2 4

=1

mv - v?

T =
N, o o
(z4) 1 | Oug ' ; O . i i .
= 5 ’ Y ¥ s T:u :n, Y + €k rWelTy + U, 2.14
52 | Gois + cunsalrl + 40| |G+ hein 40| 210
Upon differentiation of Eq. (2.14) with respect to w, one obtains

T & |
B Zm‘fksm(T:” + u;, )v;, (s =1,2,3) (2.15)

i=1
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from which follows

N .
oT oT oT ~ I
awl b] + sz b2 + b3 = Z m fksm("'m + um)vkb.‘s

6w3

=1 i

Np
= an‘(ri + ui) X V (2.16)
=1 '

Comparison of Egs. (2.7), (2.8) and (2.16) shows that
or '
hy = 24— (k=1,2,3 2.17
=g (k=123 .17

which, upon substitution into Egs. (2.10-2.12), yields

d (0T oT orT
—_—) = —_—  Wy— 2.18
dt (awl) 3wy B (2.18)
d (0T oT oT
— =) = — g — 2.19
dt (ng ) “ Ows s 0w, (2.19)
d (0T oT oT
— =1 = — — w— 2.20
dt (8&)’3) w2 3w1 “i ng ( )

Equations (2.18-2.20) are analogous to Euler’s equations for a rigid body and govern the
rotational motion of the floating frame. Notice that the introduction of generalized co-
ordinates associated with the orientation of B in N is avoided. An alternative derivation
of Egs. (2.18-2.20) based upon the use of quasi-coordinates with Lagrange’s equations is

also possible (see [52]).

The remaining equations of motion are given by the Lagrangian equations

d (8T> L oT U

L)y 2 =1,... 2.21

where U denotes the strain energy of the system.

Additional kinematic variables must be introduced if the orientation of B in N
is required. Several possibilities exist including Euler angles, direction cosines, Euler
parameters and Rodrigues parameters (see, e.g., [53]). It is noted that Eqs. (2.18-2.21)
are in no way affected by the kinematic variables associated with the orientation of B in

N.

2.1.3 Alternative Equations I

An alternative form of the equations of motion better suited for numerical integration
is presented in this section. The basic approach is to obtain a set of 2n first order
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differential equations equivalent to the n second order equations in Eq. (2.21). This set
of equations along with Eqgs. (2.10-2.12) are then put into a dimensionless form suitable
for explicit time integration.

To begin, Eq. (2.14) is expressed in matrix notation as
1 . : . . o
T = §[w1 Wy w3 §1 - Gu)Mwy wy w3 ¢y ... in)T (2.22)
where the mass matrix, M, is symmetric, positive definite, and a function of ¢y,...,q,.
Upon differentiation of Eq. (2.22) with respect to wy,w;,ws and ¢y, . . ., ¢, one obtains
(2.17) . : o o
[hl hy hypy ... Pn]T = M[wl Wy w3 qq ... (Iu]T (2~23)
where the momenta variables py,...,p, are defined as

_or
pi = EX
Premultiplication of Eq. (2.23) by M~! yields

(:=1,...,n) (2.24)

[w, Wy Wws (il NP (in]T = A/!_ll [hl h-z h3 1. p"]T (225)
or, equivalently,
3 n
wg = Z me by + an’;,:H-SPS (k=1,2,3) (2.26)
=1 s=1
d 3 -1 ; —1 y ' ¢ ¢
. Et'q_j = Z m; s b+ Z M 3.543Ps (7=1,...,n) (2.27)
=1 s=1

Substitution of Egs. (2.22) and (2.24-2.25) into Eq. (2.21) yields

d 1 oM [
apj = -2—[h1 h'), h3 Pr ... pn]M lgqj-M l[h] h-z h3 ) 2 B pn]T—a—qj'

U=1...,n) (2.28)

Equations (2.10-2.12) and (2.27-2.28) constitute a set of 2n + 3 first order ordinary
differential equations. The primary variables are hq, hy, k3, q1,...,¢, and p1,...,p,. The
secondary variables wy,w,,w3 appearing in Eqs. (2.10-2.12) are given in terms of the
primary variables by Eq. (2.26).

It is useful to put the governing equations into a dimensionless form. To this end, it
is assumed that the spinning motion is nominally about an axis passing through O and
parallel to by (see Fig. 2.1). The nominal spin rate, Q, is defined as

Q=h/J (2.29)
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where J denotes the (1,1) element of the mass matrix for qy,...,q, all equal to zero. In
physical terms, J is simply the moment of inertia about the first principal axis of the
undeformed system.

Defining,
T = Ot (2.30)
IL'J'+] = q] (] = 1,...,71,) (231)
yin = pi/h (G=1,...,n) (2.32)
my = hk/h (k = 1,2,3) (233)
M = M/J (2.34)
the governing equations assume the dimensionless form
d :
7 (219 W3Mmg — Wam3 (2.35)
T
d .
—m, @Y 5 ms — Gamy (2.36)
T
dinlg (2’—12) (:)27711 - J)lmz (237)
-
d (2.27) 3 .1 Z. . - ) o
T = Z ™y a M+ Z Miys sraYssl (y=1,...,n) (2.38)
{=1 s=1
d 228) 1 - OM -
Vit (2.28) §[m1 my m3 ys ... y"“]M-l(?sz MY mqy my ma ya .. Yuga]”
1 oU
—— =1,..., 2.39
e = L) (2.39)
where ,
O = Z mginy + Z Ly a3Ystl (k=1,2,3) (2.40)
=1 s=1

It is clear from Egs. (2.35-2.40) that the equations of motion can be formed entirely
in terms of the mass matrix, M, and the strain energy, U. A method of modeling which
provides expressions for M and U in terms of q,..., ¢, is given in Chapter 4.

2.1.4 Alternative Equations II

The equations of motion presented in 2.1.3 involve a combination of both primary
and secondary variables. Although such a formulation is useful for numerical integration,
it offers little advantage for stability analysis.

In this section, the equations of motion are formulated entirely in terms of ¢1,. .., ¢n
and the momenta variables. The total number of equations is reduced by one through
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the use of a constant of motion. The set of equations obtained has a structure quite
similar to a Hamiltonian system and serves as the starting point for the development in
the following section.

Let T' denote the kinetic energy of the system expressed entirely in termsof g1, ..., qn
and the momenta variables. Substitution of Eq. (2.25) into Eq. (2.22) leads to

P
= E[hl h2 h3 P ... p,l]M—l[hl h2 h3 Pr ... pn]T (241)

which, upon differentiation with respect to p; and g;, yields

dT 3 » n »
a—pj = Z mi ki + ij+3,s+3ps
=1 s=1
(221 d ) o Av
= qu (] = 1’_,,,71,) (242)
and
oT 1 oM™
5(1_,- = §[h1 hy hspy ... pn]'_a?[hl ke k3 py ... Pn]T
1 _ oM~1 0 -
= E[hl h2 h3 P pn]M ! M aq] - % (MM 1) [hl h‘) h3 Pr-.. p'n.]T
1 oM
= —glh b ha o p M7 M R R Byl
2
(2.28 d ou . o 4
2 &P T 3 G=1,...,n) (2.43)
j

Equations (2.42-2.43) are expressed more compactly as

d OF

—_g; = — 1 =1,... 2.44
d OF
Z, = 2= i =1.... 2.45
dth dq] (] Ia ,71,) ( ))
where )
E=T+4+U (2.46)

It is useful now to solve Eq. (2.13) for hy giving
hy = y/h? — h% — h3 (2.47)

Substitution of Egs. (2.47) and (2.41) into Eq. (2.46), and subsequent differentiation with
respect to h, yields
oF 1 -
5,"{2— = h—l[—hz h] OOO]M l[hl h2 h3 Y4 ...pn]T
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or, equivalently,

Similarly,

= l: h2 (z M”]hl + Z M] 7n+3pm>

m=1

(Z M2l1h‘ + Z MZ m+'_’.pm>j|

m=1

(226) (w'zhl - W hz)/hl
(1) 1 d ‘
= B dt hs (2.48)

&, @4 2 p2— .».iE_ 9.4
dth3 =" \/h hsahz (2.49)
d oF
- 2 __ 2 2 ;
e = —\[h? = b} — b} T (2.50)

Defining the dimensionless system energy, GG, as

it is deduced that

2.41,2.46,2.51

e (2.41,2.46,2.51)
(2.33)

(2.29,2.34)

(2.47,2.33)

= E/(hQ) (2.51)

1

hQ [ [hl hl h3 P "'pn]M_l[h‘ h'l h'3 g p”]T+(j]

h |1
ﬁ [E[ml my M3 Yy - .- y,,H]M_l[nzl ™My ms Yz ... y,,+1] } + —U

1 - |
E[m, My M3 Yz - .. YuprJM [y my mz y, ... Yns1)? + UJ(JOQ?)

—[ l—mi—mimymyys ... YoM

(\/1—=m2—mimymguyy...yunl +U/(JDP) (2.52)

Expression of Eqs. (2.44-2.45) and (2.49-2.50) in terms of the dimensionless quanti-
ties defined in Eqs. (2.30-2.33) and (2.51) yields

d oG
oM = y/1=mi—mi G (2.53)

d . ; 0G

oM = = 1 —mi— mém (2.54)
d oG :

E:I?j = % (]=2,...,7l+1) (255)

j

d oG

— . = —— y p— ¢ ¢ r
dT yJ d.L'] (] 2) SRR + 1) (206)
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Notice that Egs. (2.53-2.56) would form a Hamiltonian system were it not for the presence
1 — mZ — m2 in Egs. (2.53-2.54). Transformation of these equations to an equivalent
Hamiltonian system is the topic of the following section.

2.2 Transformation to Canonical Form

A transformation of variables involving m, and mj is developed which permits the
expression of Eqs. (2.53-2.56) as a Hamiltonian system of equations. Closed-form expres-
sions are obtained for the transformation and its inverse.

New variables z; and y; are introduced as functions of m, and m3. Letting H denote
the function G expressed in terms of z,,...,z,41 and yq,...,Yn41, one has

H(Z1,y. oy Tag1y Y1y e ooy Y1) = G(ma,ma, Ty oy Tty Y2y - - Y1) (2.57)

Application of the chain rule for differentiation to Eq. (2.57) yields

= 2.58
om, 0z;0my Oy Omg, (2.58)
0G  0H oz, ﬁ]_ oy (2.59)
dms Oz, 0ms Oy, Omg )
oG OH
8.’1:_7 axj (] b y n + ) ( )
G oH
_— = — 7J=2,...,n+1 2.61)
dy; dy; ( ) (
from which follows
i _ 8.’131 i 8'1:1 i"L
dr 71 N omydr e oms dr 3
(2.53-2.54) L—? 2 dx, 0G B oz, 0G
- e 310mydm,  Om,Oms
(2.58-2.59) 2 9 dxy Oy _ Oz, Oy, | OH 262
- b=y =ms [87n3 Oom, Omy0ms| Oy (262)
Similarly,
d 2 5 | 91 O Oz, Oy | OH .
— — — —m?— — 2.63
! L= my —my [67n3 Om,  OmyOms| Oy (2.63)
d (2.55,261) OH )
— = =2,...,n+1 ‘ 2.64
d (2.56,2.60) OH :
dTyJ d.lZJ (] 2’ » 1 + ) ( ))
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Equations (2.62-2.65) are equivalent to the Hamiltonian system

d oH

—; = —— =1,... 9.

) 9; G=1L...,n+1) (2.66)
d OH .
= oz, G=1...,n41) (2.67)
provided that
' 85171 ayl 81?1 8y1 1

- = 2.68
Omsdmy  Om, Oms 1 — m% — mg ( )

The goal is to obtain a solution to the partial differential equation given by Eq. (2.68).
To this end, consider the transformation of variables

r; = mac(m?+m?) (2.69)

y1 = moc(m?+ml) (2.70)
and its inverse

my = yid(z] + ) (2.71)

ms = xld(xf + y}) (2.72)

where ¢ and d are functions of the specified arguments. Substitution of Eqgs. (2.69-2.70)
into Eq. (2.68) yields
1

1-—s

2sc(s)c(s) + [c(8))? = (2.73)

where
s =m2 4+ m? (2.74)

A simple solution to the nonlinear ordinary differential equation in Eq. (2.73) is not
apparent. The first approach taken to obtain a solution was to express c as a power series
in the variable s. Coefficients of the series were then determined by equating like powers
of s in Eq. (2.73). A similar series expansion was also developed for the function d.

An interesting observation was made concerning the function d during the course of
an analysis presented later in this chapter. Letting d,, denote the series expansion of d
truncated after the m’th term, it was observed that

d 2 2 2_1_$f+y¥ O 2 2\m 2.75
[771(‘E1+y1)] = 1 + [("31+y1) ] (2.75)

This observation motivated the proposition that

_ Tty

et + o) = 1 - 22

(2.76)
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The objective is to verify the validity of Eq. (2.76). 'In so doing, a closed-form
solution for the function ¢ is also obtained. Squaring Eqs. (2.69-2.72) and adding the
results leads to

gyl = (md+md)[c(md+md)’ (2.77)
mj+m] = (e +9}) [d(z} + D))’ (2.78)
Substitution of Eq. (2.78) into Eq. (2.77) yields
1= c(rldm)P) d(r)
CI9 c(r(1 = r/8)) /T =174 (2.79)

where
r =z +yl (2.80)

Equation (2.79) can also be written as

c(w)y/1—-r/4=1 (2.81)

where

w=1r(l —r/4) (2.82)
Solving Eq. (2.82) for » and substituting the result into Eq. (2.81) yields

0=-vl-5s) (2.83)

<

c(s) =

or, equivalently,

. . 2(1 — 4/1 —mi + m?)
2 2y _ 2 3 .
c(my 4+ m3) = \/7 gy (2.84)
It can be verified that Eq. (2.83) is the solution to Eq. (2.73) for the initial condition
¢(0) = 1. Thus, in the linear approximation, x,; = ms and y; = m,.

Obtaining closed-form solutions for the functions ¢ and d was a serendipitous result.
Ounly after development of the associated power series did the simple form of d, and later
¢, become apparent. Plots of the functions ¢ and d are provided in Figure 2.2. The
domains of physical significance for ¢ and d are from 0 to 1 and 0 to 2, respectively.

The procedure for transforming the original equations of motion to an equivalent
Hamiltonian system is summarized below.
1. Obtain expressions for the mass matrix, M, and strain energy, {/, in terms of the
generalized degrees of freedom q,..., ¢, (see Eqs. (2.14) and (2.22)).
2. Obtain an expression for the dimensionless system energy, GG, in terms of the vari-

ables m,,my, &y, ..., &4 and Yo, ..., Ynyr (see Eqs. (2.34) and (2.52)).
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Figure 2.2. The functions ¢ and d as given by Egs. (2.84) and (2.76).

3. Obtain the Hamiltonian, H, by substitution of Eqs. (2.71-2.72) and (2.76) into the
expression for G.

The governing equations in the new variables z;,y; (7 = 1,...,n + 1) are given by

Eqgs. (2.66-2.67).

The net result of the transformation is to permit the expression of the original
equations of motion as a Hamiltonian system with n + 1 degrees of freedom. Such a
result for a rigid body (n = 0) has been attributed to Andoyer (see [54]). The present
tranformation differs fundamentally from Andoyer’s by never requiring the introduction
of Euler angles.

2.3 Example Application

A simple example is presented which illustrates the procedure developed in the previ-
ous section. Euler’s equations for the torque-free motion of a rigid body are transformed
to an equivalent Hamiltonian system. Periodic solutions of the Hamiltonian system are
then analyzed. A similar analysis is made using an established method. Results of the
two analyses are then compared.
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2.3.1 Problem Statement

The problem under consideration deals with the torque-free motion of a rigid body.
For this problem, the floating reference frame and the rigid body move together and the
strain energy is identically zero. It is assumed that the central principal moments of
inertia satisfy the inequalities

11 > 12 > 13 (285)

The assumption for the ordering of Iy, I, I5 is made simply to facilitate comparison of
results from the two different analyses.

The rotational kinetic energy of the rigid body is expressed as

1 . . .
T = s(hwt + Lw; + Iw}) (2.86)

which, upon substitution into Egs. (2.18-2.20), leads to the Euler equations
d

11 Ewl = (12 - 13)&)2&)3 (287)
d

Izaw'z = (13 - 1] )w3w1 (288)
d

13%(4)3 = (11 - 12)w1w2 (289)

Of present interest are the solutions to Eqgs. (2.87-2.89) for the initial conditions

w(0) = & (2.90)
w(0) = 0 (2.92)

It turns out that the solutions to Eqs. (2.87-2.89) are periodic functions of time. The
period of the solutions generally depends on both the initial conditions and the values of
the inertia ratios I/, and I3/1;.

Two different approaches are used to determine the period of the solutions. In the
first, Euler’s equations are transformed to an equivalent Hamiltonian system. The period
is then determined from the normal form of the Hamiltonian. Exact solutions to Euler’s
equations are used to determine the period in a second approach.

2.3.2 Approach I
The three steps outlined near the end of 2.2 are applied to the present problem.
Step 1: The mass matrix is readily identified from Eq. (2.86) as

M = diag(11,12,13) (293)
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Step 2:

M 2 diag(1, 10, L)1) (2.94)
g 02 5 [+ (/L= )m} + (1 /I = 1)m3] (2.95)
Step 3:
s 1 |
g %2 5 [(1/1s = V)a} + (1 /L = 1)i] +
1 .
3 (1= L/L)et + (2= L/l — L/ L)ey + (1= L/ L)y]  (2.96)

Throughout this development, the initial value of a variable is designated by placing
a hat “”” above the variable. Using the initial conditions in Eqs. (2.90-2.92) one obtains

s 2 L/ o) + (Taos)? (2.97)
ms P2 o (2.98)

which, upon substitution into Eqgs. (2.69-2.70), yields

3 =0 (2.99)
/1 a2
'g] = 7h2\/2(1 ﬁ); m2) (2100)
2

In order to use computer-based normalization procedures, it is necessary to have
numerical values for the coefficients in the expansion of the Hamiltonian. As a specific
example, the case of I,/I; = 0.8 and I3/I; = 0.5 is considered. For these values of the
inertia ratios, Eq. (2.96) becomes

1, 1 1 5 5 . 1
H=coi+gn — 501~ 5% ~ ¥ (2.101)
The normalized Hamiltonian, A, is expressed in terms of the action-angle variables p and

0 as
ng

H(p,0) = Z ap’ (2.102)
=1
where 2n, is the degree to which the normalization is carried out.

Hamilton’s equations in the action-angle variables are given by

d oH ,
EO = %5 (2.103)
d OH

W’ T (2.104)

30



It is apparent from Eqs. (2.102-2.104) that p is constant and’
ng .
9 = (Z za,p‘-1> T+0 (2.105)

Setting 0 equal to 27 + § in Eq. (2.105) and solving for T yields

y (2.106)

Y

Zla,p

where T' denotes the period in dimensionless units. The action is expressed in terms of
g1 by

nd

p= Zb,‘” (2.107)

The coefficients a; and b (I = 1,...,5) appearing in Eqgs. (2.106-2.107) and reported in
Table 2.1 were determined using a normalization procedure similar to the one described
in [55].

The procedure to determine the period given @; and @, is summarized below.

By, oy 220 15y, (1) 5 (210D ) (2199) (2.108)

2.3.3 Approach II

An alternative procedure to determine the period is presented below. The analysis
works directly with the solutions to Euler’s equations and is based upon a development

given in [53].

The solutions to Eqs.(2.87-2.89) for &, and w, greater than zero are given by

el [p(t — to)|m] (2.109)
w = —————dn — to)|m .
" h(h- 13) °
h-z
w = 7 = I )m[p( — to)|m] (2.110)
h2 611
Wws = ———cn m 2.111
3 1’5(1'3 — 11) [])( )I ] ( )
where sn, cn and dn are Jacobi elliptic functions, and
R = (hin)? + (Iad,)? (2.112)
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z 2.114
h? —e(ls + 1))
y = 2.115
22 L1 ( )
Rt —e(l, + 1)
I 2.116
3 L ( )
p = Vo — 2 (2.117)
m = (23— 29)/(z1 — 22) (2.118)
cn[—ptolm] = (2.119)
The Jacobi elliptic functions are periodic and satisfy the identities
sn[pt + 4K(m)|m] = sn[pt|m] (2.120)
enlpt + 4K (m)|m] = cn[pt|m] (2.121)

where K (m) is the complete elliptic integral of the first kind.

Following a significant amount of algebraic manipulation, it can be deduced that

A 12—13 11/12_1 .
m = i [ L (1= L/L)[1 = Is/I)[1 +m3(L/]1, - 1)]]] (2.122)
and |
= m (I;/ L) (Is/1h) ]l 2 B
T—4K( )[(1—12/11)[1—(13/]1)[1+7;l§(11/12_l)]] (2'123)

2.3.4 Comparison of Results

Plots of the period as a function of 1, are shown in Figure 2.3 for the inertia ratios
I,/I = 0.8 and I3/I, = 0.5. Results are presented for both the exact analysis (Approach
[1) and the approximate one (Approach 1) based upon normalization of the Hamiltonian.

Physically meaningful values for i, range from negative one to one. Results are only
shown for positive values of 1M, in the figure since the plot is symmetric about the vertical
axis. Values of m; near to zero are associated with nominal spinning motions about the
first (maximum) principal axis. Motions about the second (intermediate) principal axis
correspond to values of 1, near unity.

[t is interesting to observe that the period increases monotonically with 1h,. This
behavior is predicted by both the exact analysis and the approximate one for ny; > 1. In
the limit as 72, — 1, m — 1 and the period approaches infinity.

It is clear from Figure 2.3 that the approximate solutions improve as the degree of
normalization is increased. Normalization of the Hamiltonian through quadratic terms
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Table 2.1. Coefficients a; and b; appearing in Eqs. (2.106-2.107).

l wy bl
1| 5.00000 x 10! 2.50000 x 107!
21 —3.12500 x 1071 | —2.34375 x 10~2
3| —-7.03125 x 1072 | —5.12695 x 1073
4 {—1.09863 x 107! | —1.01852 x 1073
5| —1.87042 x 107! [ —2.01881 x 10~*
50
!
4.5 I ——— Approach i (exact)
i — — Approachi(ng=1
40} -— - — Approachi(ng=2
i - --- Approachl(ng=3 /
3357 '
S !
>3.0 -
257
2.0
1.5 * : - ' * ’
0.0 0.2 0.4 0.6 0.8 1.0
m2

Figure 2.3. The period, T, as a function of 7, for % = 0.8 and —ﬁl = 0.5.

(ng = 1) predicts a constant period. This result is consistent with a linear analysis of
Euler’s equations.

The favorable agreement between the two analyses provides a positive check of the
transformations developed in 2.2. For this example, transformation of the equations of
motion to an equivalent Hamiltonian system is an unnecessary complication. The utility
of the transformation is primarily in the context of stability analysis, as is shown in
Chapter 3.
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2.4 Summary

Equations of motion are developed in this chapter for rotating flexible structures.
Central to the development is the use of a floating reference frame which follows the
overall rigid body motion of the structure. Elastic deformations within this frame are
assumed to be functions of n generalized degrees of freedom.

Fundamental principles of dynamics are used to derive the equations of motion.
Equations associated with the motion of the floating reference frame are obtained from
conservation of linear and angular momentum. The remaining equations associated with
elastic deformations are given by Lagrange’s equations. Equivalent sets of equations
better suited for numerical integration and stability analysis are also formulated.

A nonlinear transformation of variables is developed which permits the expression
of the equations of motion as a Hamiltonian system with n 4+ 1 degrees of freedom. This
result is of fundamental importance to Chapter 3 because of its relevance to the stability
analysis of rotating structures. Application of the transformation is illustrated for a
problem involving the torque-free motion of a rigid body.
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3. Stability Analysis

The subject of this chapter is the stability analysis of unrestrained, flexible structures
rotating about a principal axis of inertia. This area of study has important applications
in the design of rotating space structures such as spin-stabilized satellites. A unique
feature of the present work is its focus on the stability of spin about the axis of minimum
moment of inertia. Previous work in the literature has dealt almost exclusively with the
analysis of spin about the axis of maximum moment of inertia.

The results developed herein are based upon the equivalence of the governing equa-
tions of motion to a Hamiltonian system. Recall from Chapter 2 that this equivalence was
established through the introduction of a transformation of variables. Thus, the wealth
of knowledge existing for Hamiltonian systems can be applied to the stability analysis of
rotating structures.

Following a brief presentation of background material, a discussion is provided on
stability and its meaning in the context of rotating structures. An introduction to the
theory of Hamiltonian systems is then given, followed by development of a method to
assess stability. The chapter concludes with a stability analysis of an example prob-
lem. Results of the stability analysis are confirmed by simulations based upon numerical
integration of the equations of motion.

3.1 Background

A classical result of dynamics states that the spinning motion of a rigid body is stable
about the axis of either maximum (major) or minimum (minor) moment of inertia when
external moments are absent. Spin about the axis of intermediate moment of inertia is
unstable. Generalization of this result to flexible bodies is only possible for the case of
spin about the intermediate axis.

Stability criteria for spin about the major axis are often established using Liapunov’s
direct (second) method. Useful results can be obtained either in the presence or absence
of internal energy dissipation. In contrast, spin about the minor axis is usually unstable
for damped systems. This result can be shown for specific problems either from a linear
analysis of the equations of motion or by application of Chetayev’s instability theorem.

The stability analysis of undamped, flexible structures spinning about the minor
axis has received very little attention in the literature. The limited amount of work in
this area is understandable since all structures are damped to some extent. The work
presented here was originally motivated by a need to predict the short-term behavior of
lightweight, flexible structures in an exoatmospheric experiment.



Use of Liapunov’s direct method for proving the stability of spin about the major
axis typically involves construction of a Liapunov function from the angular momentum
integrals (constants of motion) and the total energy. Such an approach can not be used
to show stability for spin about the minor axis, even for undamped structures. At least
one more integral of motion is required in order to construct a Liapunov function. It
turns out, however, that integrals in addition to those of energy and momentum are the
exception.

The nonlinear stability of rotating flexible structures has been studied in great detail
for cases of spin about the major axis. The contribution of the present work is towards
the development of a means to assess the nonlinear stability of undamped flexible struc-
tures spinning about the minor axis. Results are applicable to discrete models of elastic
bodies that are free of applied forces and moments. Dual spin satellites and multl body
configurations are not considered.

|

> . |

3.2 - Stability Concepts 1
_|

|

The purpose of this section is to provide a brief review of stability and to!lintroduce
Liapunov’s direct method. The meaning of stability in the context of spin about a
principal axis is also discussed.

Consider an autonomous system of first order differential equations given; by

d : .
Et-z;(t) = Zi(z1(2), - . -, 2m(?)) i=1,...,m (3.1)

It is assumed that the null solution, defined as

n(t) =0 0<t<oo, i=1,...,m

|

|

|
satisfies (3.1). That is, Z;(0,...,0) =0 for ¢ =1,...,m. A general solution to Eq. (3.1)
is denoted by z(t) and its norm defined as -'

llz()I] =

Depending upon the particular application, there are several possible definitions
of stability. In the present context, attention is restricted to the concept of Liapunov
stability. The following definitions and theorem are taken from Meirovitch [56].

Definition 3.1. The null solution is stable in the sense of Liapunov if for any positive €
there exists a 6 = 6(¢) > 0 such that if the inequality

Iz(0)l| < &
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is satisfied, then the inequality
lz(t)ll <€,  0<t< oo,

i1s tmplied.

Definition 3.2 The null solution is said to be unstable if for any arbitrarily small § such
that
z(0)]] < ¢,

we have at some other finite time t, the situation

l1z(t1)|]| = e, ty > 0.

Definition 3.3 The function V(2z) is called positive (negative) definite in a certain do-
main Dy, if V(z) >0 (< 0) for allz #0 in D,,.

Definition 3.4 The function V(z) is said to be positive (negative) semidefinite in a
certain domain Dy, if V(z2) > 0 (< 0), and it can vanish also for some z # 0 in D).

Theorem 3.1 If there ezists for the system (3.1) a positive (negative) definite function
V(z) whose total time derivative V(z) is negative (positive) semidefinite along every
trajectory of (3.1), then the null solution is Liapunov stable.

The classic example of a ball rolling on a curved surface is presented to help illustrate
the first two definitions. Four different cases are shown in Figure 3.1. In each case, the
ball is shown in an equilibrium position and gravity acts downward.

The issue of stability is concerned with the qualitative motion of the ball subsequent
to a disturbance (nudge). Generally speaking, a stable equilibrium implies that “small”
disturbances do not cause the ball to move a “large” distance from its original position.

Cases (a) and (d) in Figure 3.1 are classified as Liapunov stable, but (d) is practically
stable only for small disturbances. Cases (b) and (c) are Liapunov unstable, although
(¢) might be considered stable depending upon the application.

It is clear from Cases (c) and (d) that determining just the Liapunov stability of
an equilibrium might not be adequate for all situations. Sometimes it may be necessary
to provide additional information such as the magnitude of disturbances for which the
motion is guaranteed to remain near to the equilibrium. Example problems analogous
to Cases (c) and (d) are presented later in the chapter.

Theorem 3.1 and its attending definitions provide a concise statement of Liapunov’s
direct method. A major advantage of Liapunov’s direct method is that actual solutions
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(a) (b)
(©) (d)

Figure 3.1. Simple illustration of stability concepts. (a) Liapunov stable. (b)
Liapunov unstable. (¢) Liapunov unstable (may be stable for practical
purposes). (d) Liapunov stable (may be unstable for practical purposes).
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to the governing equations are not required to prove stability. The primary difficulty
with applying this method is in finding a Liapunov function, V (2z).

There are three possible equilibria for a rotating flexible structure. Each equilibrium
corresponds to a motion of simple spin about a principal axis whereby the elastic defor-
mations remain constant. Stability of a simple spin implies that small disturbances do
not lead to large changes in the structure’s attitude or elastic deformations.

Recall from Chapter 2 that the nominal spin is assumed to be about an axis parallel
to the unit vector b;. One possible measure of the departure from simple spin is the
angle, ¢, between b, and the angular momentum vector. For an axisymmetric rigid
body, ¢ is the half cone angle. "'

Using a property of the vector cross product, one obtains

lsing] = |[(br x H)||/|H]|

(2.8,2.13)

= ||(h2bs — hsbs)||/A
(239 \/mi + m?
(2.71,2.72) . S . .
=77 af2l +yid(at +y7) (3.4)

It is evident from Eq. (3.4) that small magnitudes of 2, and y; imply small departures
from simple spin as measured by the angle ¢. Likewise, small magnitudes of x., ..., Zu41
imply small elastic deformations. Thus, it is reasonable to state that a simple spin is
stable if the null solution?

ri(r) = 0 0<7 <00, j=1,...,n+1 (3.5)
yi(r) = 0 0<7< oo, j=1,...,n+1 (3.6)

to Eqgs. (2.66-2.67) is stable in the sense of Liapunov.
A simple spin may be accompanied by constant elastic deformations caused by cen-

trifugal loading. Nevertheless, the variables x,, ..., x,4+1 can be defined in such a manner
that Eq. (3.5) is satisfied.

3.3 Hamiltonian Systems

3.3.1 Background

Certain aspects of Hamiltonian systems pertinent to later discussions are presented
here. To begin, consider a Hamiltonian system of differential equations given by
d  0H
at T oy
2The terms null solution, equilibrium, and equilibrium point are often used interchangeably when refer-
ring to stability.

i=1,...,m (3.7)
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d OH :

-—Y; = — ‘:1,..., 38
dty 6:::; : m ( )
The Hamiltonian, H, is a function of the variables (z,y) = (z1,...,Zm,¥1,--+,¥m) and
is assumed not to explicitly depend upon time. It follows from this assumption that H
is constant along trajectories of Eqs. (3.7-3.8).

Assuming that (z,y) = (0,0) is an equilibrium point and H can be expanded as a
Taylor series, one has

H(z,y) = Ho + Hy(z,y) + Ha(z,y) + - (3.9)

where H,(z,y) is a homogeneous polynomial of degree s in the variables (x,y). Often
the constant, Hp, is neglected in Eq. (3.9) since it does not affect Eqgs. (3.7-3.8).

Key to the analysis of Hamiltonian systems is the use of canonical transformations.

A canonical transformation of variables (z,y) — (&,7) preserves Hamilton’s equations.
That is, if

H(%,9) = H(,y) (3.10)
then
%:i’; = Z—Z 1=1,...,m (3.11)
d OH
=¥ = —5= i=1... 12
at” oz, ‘T bheom (3.12)

It is possible through the use of canonical transformations to put a Hamiltonian into
its so-called normal form (see, e.g., [57, 54]). Assuming stability in the linear approxi-
mation, a Hamiltonian normalized to degree k satisfies the properties

m

Q. . o
H,(z,y) = 2—1: > (= +97) (3.13)
and
(Hj, Ha)(zy) = 0 7=3,4,...,k (3.14)

The left hand side of Eq. (3.14) denotes the Poisson bracket of the indicated functions
and is defined as

m |:dH1 OH, dHJ OH, (3 15)

[H;, Ho)(z) = Z oz; dy;  Oy: Oz

=1

The characteristic frequencies, Q4, ..., ,,, appearing in Eq. (3.13) are said to satisfy
a resonance relation of order [ > 0 if there exist integers ki,.. ., k,, such that

kIQI +--+ kam =0 (316)
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and

lor| + -+ |km| =1 (3.17)

Notice from Eqs. (3.9) and (3.13) that if cubic and higher degree terms in the Hamil-
tonian are neglected, then Egs. (3.7-3.8) simplify to those for a set of uncoupled harmonic
oscillators with frequencies |Q],...,|Qy,]. It is shown in 2.3.2 that the normal form can
also be used to predict the dependence of frequency on amplitude. Thus, the theory of
the normal form provides a generalization of linear modal analysis.

3.3.2 Stability

The governing equations for a rotating flexible structure given by Eqs. (2.66-2.67)
are inherently nonlinear. Nonlinearities arise because of the presence of cubic and higher
degree terms in the expansion of the Hamiltonian. Such is the case even for the simple
problem of rigid body motion.

Determination of stability for nonlinear Hamiltonian systems may or may not be a
simple matter. In many instances, the instability of an equilibrium can be determined
from a linear analysis of the nonlinear differential equations. If the general solution to
the linear equations involves a term with exponential growth, then the equilibrium is
unstable. This result holds for the nonlinear differential equations as well.

If the general solution to the linear equations does not contain any terms with
exponential growth, then no conclusion can be made regarding stability for the nonlinear
system. That is, an equilibrium stable in the linear approximation may not be stable
when nonlinear terms in Hamilton’s equations are included.

For the remainder of this discussion, it is assumed that the null solution to Eqs. (2.66-
2.67) is stable in the linear approximation and that the Hamiltonian is normalized to at
least degree four. Accordingly, one has

n+1
Q.
H(z,y) =) 3 (22 +y?) + Hs(x,y) + Ha(z,y) + - (3.18)

i=1

The Hamiltonian itself is a Liapunov function when all of the characteristic frequen-
cies in Eq. (3.18) have the same sign. This result follows from the sign definiteness of
H,(z,y) and the constancy of H(z,y) along trajectories of Hamilton’s equations.

Although there are exceptions, the characteristic frequencies are often all positive
for spin about the major axis. Consequently, H(z,y) is a Liapunov function and stability
follows from Theorem 3.1. Apparently, cubic and higher degree terms in the Hamiltonian
have no effect on Liapunov stability in these cases. An equivalent statement is that
stability is determined solely from consideration of the linearized equations.
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The situation is considerably different for spin about the minor axis. In such cases,
the characteristic frequencies can never all be of the same sign. Consequently, the Hamil-
tonian is no longer a Liapunov function and can not be used to prove stability. It still
may be possible to prove stability using Liapunov’s direct method if an integral of motion
in addition to the Hamiltonian exists. The existence of additional integrals, however, is
the exception.

The quest for a general method of proving the stability of Hamiltonian systems
remains ope1'1. Indeed, even relatively simple systems such as the three body problem
have defied complete analysis. Elements of two theories having application to the stability
analysis of spin about the minor axis are described below.

KAM Theory

A significant advancement in the understanding of Hamiltonian systems was pro-
vided by the development of KAM theory. Named in recognition of the collective work
of Kolmogorov, Arnold and Moser, KAM theory has important applications to the study
of stability. Detailed descriptions of the theory and its applications are available in [58,
54].

Most Hamiltonian systems are nonintegrable. That is, the number of degrees of
freedom exceeds the number of integrals (constants). Notable exceptions include linear
systems and systems with only a single degree of freedom.

Under certain conditions, KAM theory can be used to show that the trajectories
of nonintegrable systems often behave as if the systems were integrable. Near a stable
equilibrium (in the linear approximation), a large fraction of the phase space is filled
by so-called KAM surfaces (see [58]). Trajectories lying on these surfaces are associated
with the regular motion of an integrable system. Such trajectories are stable, remaining
within a given neighborhood of the equilibrium for all times.

The fact that the phase space is not entirely filled by KAM surfaces precludes the
possibility of inferring Liapunov stability from KAM theory. An exception is for isoener-
getically nondegenerate two degree of freedom systems. Here, trajectories not lying on a
KAM surface are constrained forever between adjacent surfaces. For systems with more
than two degrees of freedom, a slow drift from the equilibrium known as Arnold diffusion
1s possible. Nevertheless, from the viewpoint of measure theory, stability can be shown
for most initial conditions near the equilibrium since the number of points in the phase
space not on a KAM surface is of measure zero.

If there are no resonance relations of order four or less, then Eq. (3.18) can be
expressed as

n+1 n41 n+1
1 .
H(p,0) = Qupi+ 3 YN Bipies + 06l (3.19)
1=1 =1 j=1
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where 83;; = B, |pl = p1 + - - + pns1, and the action-angle variables (p, #) are related to
the original variables (z,y) by the canonical transformation

T, = \/Q_p;sin&
Yi = +/2p;cosb;

A system is said to be nondegenerate if

ﬂ]l ﬂ12

det ﬂl2 ﬂ22

ﬂl n+1 ﬂZ,n-}-l

and isoenergetically nondegenerate if

B Bi2
B2 B2z
det : :

ﬂl,n-}-l ﬂ2,n+l
0, Q,

1=1,...,n+1
t=1,...,n+1
ﬂl,n-}-l
ﬂZ,tH-l #O

/3n+1 n+1

;81 n41
ﬂ2,11+1

ﬂn+l Mn+1
Qn-}-l

&
Q,

Q'n.-}-l
0

£0

(3.22)

(3.23)

KAM theory can be applied if a system is either nondegenerate or isoenergetically non-

degenerate.

An example is provided to help illustrate some aspects of nonintegrable systems and
KAM theory. The example deals with the motion of the rotating flexible system described
in the Appendix. Elastic deformations are described in terms of a single generalized

coordinate (n = 1). Therefore, the system has a total of two degrees of freedom.

A commonly used method for illustrating the behavior of two degree of freedom
systems is the Poincaré surface of section (see, e.g. [59, 58]). The method, as applied to

the example problem, is summmarized below.

1. Choose initial conditions for z, and y,.

2. Set mg3 equal to zero.

3. Pick m, so that G (see Eq. (A.9)) is equal to zero.

4. Set m, equal to /1 — m2.

[}

z2 and y, each time that 3 becomes equal to zero.

6. Return to Step 1 to begin a new trajectory.

Numerically integrate Eqs. (2.35-2.39) over some specified period of time, plotting
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The conditions imposed in Steps 3 and 4 ensure that all of the trajectories have the same
energy and angular momentum as a simple spin.

Poincaré surfaces of section are shown in Figures 3.2-3.4 for the values of the physical
parameters given in Table 3.1. The parameters used for Figure 3.2 were specifically chosen
to result in an integrable system (I = I;). Parameters associated with nonintegrable
systems were used for Figures 3.3 and 3.4. In all three figures, the point (0,0) is associated
with a simple spin about the axis of minimum moment of inertia.

A trajectory lying on a KAM surface is indicated by a set of points forming a smooth
closed curve. Not surprisingly, all of the points in Figure 3.2 appear to lie on smooth
curves. This result follows from the fact that KAM surfaces fill the entire phase space
for integrable systems. The trajectories associated with Figure 3.3 also appear to lie on
KAM surfaces, even though the system is nonintegrable.

Notice in Figures 3.2 and 3.3 that all of the points are enclosed within a region
of the. z; — y, plane bounded by a solid line. Initial conditions outside of this region
are not physically possible because of the constraints imposed in Steps 2-4. As the
spring stiffness in the model is increased, the region of the x,-y; plane which is accessible
becomes smaller.

The observations of the previous paragraph have relevance to the stability analysis of
relatively stiff structures. If a structure is sufficiently stiff, then the region of phase space
which is physically accessible may preclude the possibility of large changes in attitude or
elastic deformations. This point is illustrated later in the chapter by an example problem.

Comparison of Figures 3.3 and 3.4 shows that a significant change in the system
behavior results by reducing the value of the spring constant. Although KAM surfaces
are also evident in Figure 3.4, not all of the trajectories appear to lie on such surfaces.
The unstructured distribution of some points in Figure 3.4 is associated with a single
chaotic trajectory. The positions in the figure located at (0,0) and near (1.45,0) are
associated with stable periodic trajectories in which the system moves as a rigid body.
The position located near (-1.25,0) is associated with an unstable periodic solution.

As a final note, stability of spin about the minor axis can be proved for the integrable
system using Liapunov’s direct method. The procedure simply involves construction of
a Liapunov function from two independent integrals. The stability of the nonintegrable
system follows from KAM theory and the isoenergetic nondegeneracy of the system (see

[60]).

Formal and Approximate Integrals

Another approach to the analysis of stability involves the use of formal integrals. As
an introduction, let  denote the total number of independent resonance relations among
the characteristic frequencies for the Hamiltonian in Eq. (3.18). The resonance relations
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Table 3.1. Physical parameters used for Figures 3.2-3.4.

A I 7

Figure | 2 | 2 | 5- | 7az | as | B
3.2 20120]015]1.00]1 0|1
33 20(1510.15(1.001 0 |1
3.4 2011501510101 0 |1
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Figure 3.2. Poincaré surface of section for an integrable system (-,%3; = 1.0).
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can be expressed in matrix notation as

KQ=0 (3.24)
where
kin k2 ... kips
K=1|: ++ -~ (3.25)
ko ke oo kean
and

T

Q = [ Ql Q2 Qn+1 ] (326)

The columns of a matrix C are assumed to span the null space of K. That is,

KC=0 (3.27)

According to the theory of the normal form, formal integrals of the Hamiltonian
system are given by

l”+] ‘ .
Il(z,y)=§Zc;l(xf+yf) - l=1...,n+1-r (3.28)

=1

If the formal integrals can be combined with the Hamiltonian to form a positive definite
function, then the equilibrium (z,y) = (0,0) is said to be formally stable. According
to Bruno [61], no example of Liapunov instability has been found for formally stable
systems.

One obstacle to showing formal stability for actual problems is that the character-
istic frequencies are known only to limited precision. Uncertainty in the values for the
characteristic frequencies is an inevitable consequence of ever-present modeling errors.
As a result of this uncertainty, the number of independent resonance relations to all
orders can not be known.

An alternative to formal integrals is realized by consideration of only lower order
resonances. Let # denote the number of independent resonance relations of order k or
less. Matrices K and C associated with these resonance relations are defined analogously

to K and C.

Approximate integrals for the Hamiltonian system are given by

n+1

3 138, . \ .
Il(x,y)zgz:c,-l(xf-{—yf) I=1,...,n4+1=7 (3.29)
=1

The above integrals are approximate in the sense that their time derivatives are zero if
terms following Hy(z,y) in Eq. (3.18) are neglected. Stated differently, the approximate
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integrals are exact integrals for an alternate system with the Hamiltonian

n+1
. Q2 . Q-
H(z,y) = ) 5 (=} +4]) + Ha(z,y) + Ha(z,9) + - + Hi(=,9) (3.30)
=1
Liapunov stability holds for the alternate system if the approximate integrals and H can
be combined to form a positive definite function.

In some situations, there may exist a greater number of approximate integrals than
is given by Eq. (3.29). For example, integrable systems always possess n + 1 indepen-
dent integrals regardless of the number of resonance relations. Determination of all the
approximate integrals can be made during the calculation of the normal form.

Approximate integrals also have application in establishing lower bounds on the
time interval during which a trajectory remains within a certain neighborhood of the
equilibrium. In this regard, mention is made of the work of Celletti and Giorgilli [62] on
the restricted three body problem.

A brief explanation of a simple approach to obtain the aforementioned bounds is
presented below. Let the Hamiltonian for a system be normalized to degree k and
assume that the associated approximate integrals are combined to form a positive definite
function given by

n+1
L(z,y) =Y a; (? +?) (3.31)
i=1
The function, €(x,y), defined as
€ =+/L(z,y) (3.32)

can be thought of as a measure of the distance between the point (z,y) and the origin
of the phase space.

Within a specified neighborhood of the equilibrium, it can be shown that

d )
= L(=,y) < A[L(z, y)| kD72 (3.33)

where A is a positive constant. The inequality above follows from L(z,y) being an
approximate integral and normalization of the Hamiltonian to order k.

Integration of Eq. (3.33) between the limits 0 < 7 < T yields
((k -+ 1)/2 = AT > [L(so,yo)] "2 — (Lo, yn)] 762 (330)
which, followed by substitution of Eq. (3.32), yields

1 —(1/a)k?
T A+ 2=

3 [1/€(0, yo)]* ! (3.35)



where
a = e(zr,yr)/€(T0, Y0) (a>1) (3.36)

Equation (3.35) provides a lower bound on the time required for €(z,y) to increase from
its initial value, €(xo, yo), to some arbitrary value, €(zr,yr). Such a bound may be useful
if stability must be shown only during a finite time interval.

3.4 Stability Criteria

In the light of the KAM theory, it is reasonable to focus attention on systems pos-
sessing at least one resonance relation of order four or less. In the following section, it is
assumed that only a single resonance relation exists among the characteristic frequencies
and that ©; # 0 for j = 0,...,n. Guidelines for the stability analysis of systems with
multiple low-order resonance relations are discussed separately.

3.4.1° Single Resonance Relation

Stability criteria are presented below for systems with a single resonance relation of
order four or less. All systems satisfying these criteria are formally stable. Two degree
of freedom systems (n = 1) satisfying the criteria are also Liapunov stable.

One can assume, without loss of generality, that the integer k; in Eq. (3.16) is
positive. Furthermore, it is necessary only to consider cases for which k,, ..., k,4+; are all
greater than or equal to zero. Otherwise, it follows that the system is formally stable.

The development below for a resonance relation of order two is a simple extension
of Sokolskii [63]. In this case, one can consider k; and k; equal to unity and ks, ..., k.4
equal to zero. The normal form of the Hamiltonian is given by

n+1 n+1 n41
H(p,8) = Y Qi+ > > aijpips + Apipasin2(6: +0: + 1) +
1=1 =1 j=1
Bpi/p1p2sin(6y + 02 + 2) + Cpa/prp2sin(6r + 6 + 13) +
O(|p*?) (3.37)
Let
F(¢)=a+ bsin2¢ + csind + dcos ¢ (3.38)
where v
a = ago+aon +app+an : (3.39)
b A (3.40)
¢ = Becos(hy — 1) + C cos(vps — ¥n) (3.41)
d = Bsin(y¥; — ;) + Csin(yz — ¥,) (3.42)
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If F(¢) is not equal to zero for all 0 < ¢ < 2, then the equilibrium is stable. If F(¢*) =0
for some ¢* and F'(¢*) # 0, then the equilibrium is unstable.

The following results for resonance relations of third and fourth orders are adopted
from Khazin [64]. The normal form of the Hamiltonian is given by

n+1 n4+1 n41
H(p,0) = z Qjp; + Z ZaijPin + Ay pi - oy cos(knby + -+ + Kug1Ongr) +
i=1

i=1 j=1
O(1p*?) (3.43)

The stability criteria for a third order resonance relation are

n+1 n+1
A=0 and > > ajkk; #0 = stability

=1 j=1

A#0 = instability

The stability criteria for a fourth order resonance relation are
n+1 n+1

Al < 13N agkiksl/y /R ki = stability
=1 ;=1
n+1 n41

1Al > 130N agkiks|/y/kf kT = instability
i=1 j=1

The stability of a system on the borderline of any of the above criteria is determined
by fifth or higher degree terms in the expansion of its Hamiltonian.

3.4.2 Multiple Resonance Relations

The stability analysis of systems with multiple resonance relations may prove difficult
in certain situations. One potential complication to the analysis of such systems is that
the normal forms may not be as simple as those for the single resonances. Consequently,
the techniques used to establish stability criteria in the previous section may not be
applicable. The present author is unaware of a general procedure to establish necessary
and sufficient conditions for stability in the presence of multiple resonance relations of
order four or less.

Regardless of the potential difficulties, it is often possible to prove stability to a
certain level of approximation simply by construction of a Liapunov function from the
available integrals. As an illustration, consider a hypothetical system with @, = —1,
Q, = 50, Q3 = 100, 24 = 101, and Q5 = 102. Neglecting all resonance relations of order
five and greater, one has

-1 0
K 2 0 0 -1 1 (3.44)
1 =2 0 10



The columns of the matrix

T
(3.27) 11210 .
C V= 3.4
-1 00 1 2 (345)
span the null space of K, therefore, the integrals
Lz,y) = (21 +wm)+ (23 +93) + 225 +93) + (2§ + v2) (3.46)
Ch(my) = =@+ (2 + ) + 225 + v5) (3.47)

exist. Multiplication of Eq. (3.46) by a factor of 2 and addition with Eq. (3.47) leads to
the Liapunov function

L(z,y) = (27 + 1) + 23 + v3) + 4(z3 +u3) + 3(2d + vd) + 2(z5 + v3) (3.48)

Stability is thus proved for the hypothetical system if degree five and higher terms in the
expansion of the Hamiltonian are ignored.

Observe that stability of the hypothetical system is inferred solely from consideration
of the characteristic frequencies. Once the matrix C is formed, it is apparent that a
Liapunov function can be formed from the integrals given by Eq. (3.28). As a result,
normalization of the Hamiltonian beyond degree two is not required.

It is noteworthy to mention again that there may exist integrals in addition to those
given by Eq. (3.28). Consideration of all possible integrals is important if the integrals
given by Eq. (3.28) can not be combined with the Hamiltonian to form a Liapunov
function. Such considerations require the calculation of the normal form beyond degree
two. '

3.5 Example Problem

A stability analysis and numerical simulations are presented in this section for an
example problem. The intended purpose of the analysis is to demonstrate the use of
the stability criteria developed in the previous section. Simulations are included to also
facilitate the discussion of certain aspects of stability which were heretofore only alluded
to.

The problem under consideration deals with the two degree of freedom system de-
scribed in the Appendix. Quadratic, cubic and quartic terms in the expansion of the
Hamiltonian (see (A.10)) are given by ‘

1 _ . _ L A .
Hy(z,y) = ) (h/Is— l)xi)"*'(ll/lz— 1)yf+ 1192“7§+rh_1123/§ (3-49)
alr .
Ha(z,y) = /3% [(h/T)2a2e, + (1) 1)y, (3.50)
1
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1 - 1 _
H4(:1:,y) = ‘(1 - 11/13).’5(11 + g(l - 11/12)%‘ +
1 mi? mil?
—(2 — /L - L))zt + -'”—(11/13) (48— T (h/15) = ale} +
1 ml? [2 .
51 (h/h) W"‘ (Ii/ 1) — 1)y3z? + asa (3.51)

Definitions of the various terms appearing in Eqs. (3.49-3.51) are provided in the Ap-
pendix.

The dimensionless quantities /;/I, and I,/I; are both less than unity for spin about
the minor axis. Accordingly, the characteristic frequencies determined from normaliza-
tion of H,(z,y) are given by

(3 49)

o —/( = b/L)(1 - h/I) (3.52)

(3.49) kl? _I]_
- L2 ml?

Q2 (3.53)

It follows from the application of the stability criteria developed in 3.4.1 that of all
possible second, third, and fourth order resonance relations, the only two that can lead
to instability in this example are

3.5.1 Reso'nance Relation 29, + 2, =0

Normalization of the Hamiltonian through degree three (see [65]) shows that the
constant A appearing in Eq. (3.43) is given by
_ BEEEEI [ (/B (/)

- — = 3.56
2\/§ 1—11/]3 1—11/12 ( )

According to the stability criteria established earlier, the simple spin is stable only if
A = 0. This condition corresponds physically to either an axisymmetric body (I, = I3)
or the rest position of the particle coinciding with the carrier body mass center (5 = 0).
Satisfaction of either of these two conditions guarantees spin stability.

A series of simulations is presented in Figures 3.5-3.12 to help illustrate the behavior
of the system when the resonance relation 2Q, + Q, = 0 is satisfied or nearly satisfied.
Shown in the ﬁgures are plots of the momentum scalar, m,, and generalized coordinate,
z,, as functions of the dimensionless time variable, 7. Results were obtained from nu-
merical integration of Eqs. (2.35-2.39) using the parameter values and initial conditions
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Table 3.2. Physical parameters and initial conditions used in Figures 3.5-3.12 and

16-17. Initial conditions for m; are given by
m1(0) = [1 — mj(0) — m3(0)]'/>.

Figure(s) % % '—"If—z I’f’;, as | B | m2(0) [ ms(0) | z2(0) | y2(0)
3.5-3.6 |12.0]1.3]0.1510.0996 |0.00] 1 | 0.035 0 0 0.010
3.7-3.8 120]1.3]0.15{0.1046 | 0.00 { 1 { 0.035 0 0 0.010
3.9-3.10 12.0]1.3[0.15]0.1046 | 0.00 | 1 | 0.071 0 0 0.020

3.11-3.12 1 2.0 [ 1.3 ] 0.15 | 0.0996 | 0.10 | 1 | 0.035 0 0 |0.010

3.16 2.011.5(0.20 [ 0.0449 { 0.00 [ 1 | 0.045 0 0 0.015
3.17 2.0]1.11{0.20(0.0252 10.00| 1 | 0.045 0 0 0.015

reported in Table 3.2. Initial conditions were chosen so that the energy and momentum
correspond to those for a simple spin.

It is evident from Figures 3.5 and 3.6 that satisfaction of the resonance relation
20 + 9, leads to instability. Notice that although the motion is unstable, the magnitudes
of m, and z, are bounded. This result follows from the fact that the total energy of the
system must remain constant.

As was noted earlier (see Eq. (3.4)), the angle ¢ provides a measure of the departure
from simple spin. For the simulation associated with Figures 3.5 and 3.6, the value of ¢

varies from about 2 degrees at 7 = 0 up to approximately 60 degrees around 7 = 355.
Such variations in ¢ indicate large changes in the attitude of the structure.

Similar plots are shown in Figures 3.7-3.10 when the system satisfies the near reso-
nance condition 2.05Q; + 2, = 0. The simulations associated with Figures 3.7-3.8 and

3.9-3.10 are identical in every respect except for the choice of the initial conditions (see
Table 3.2).

Liapunov stability is expected since neither of the resonance relations in Eqs. (3.54)
and (3.55) is satisfied. The stable behavior displayed in Figures 3.7 and 3.8 is consistent
with this expectation. In constrast, the unstable growth exhibited in Figures 3.9 and 3.10
is somewhat unexpected. The simple spin is indeed Liapunov stable, but for practical
purposes the motion may be considered unstable. The situation is analogous to the one

depicted in Figure 3.1(d).

The observations in the previous paragraph show that a resonance relation need not
be satisfied exactly for unstable motion to occur. Such considerations are important in
practical applications, especially when the values of the characteristic frequencies are
only known approximately.

A fourth illustration of the system behavior for 282, + 1, = 0 is provided in Fig-
ures 3.11 and 3.12. Here, the parameters and initial conditions are identical to those
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used for Figures 3.5 and 3.6, with the exception that the parameter as is nonzero. A
nonzero value of this parameter is associated with a cubic nonlinearity in the spring
force-deflection relation, leading to a quartic term in the Hamiltonian (see Eq. (3.51)).

The initial growth of the solutions displayed in Figures 3.11 and 3.12 indicates that
the simple spin may be unstable. Such a result is expected since the parameter a5 does not
appear in Eq. (3.56). Although the motion is Liapunov unstable, it appears to be stable
for practical purposes. The situation is analogous to the one depicted in Figure 3.1(c).

The relatively small growth of z, in Figure 3.12 can be explained using an argument
based upon energy considerations. Regardless of the manner in which the motion evolves,
the strain energy in a system can never exceed the total energy initially imparted to
the system. Because of the significant hardening of the spring, moderately-sized elastic
deformations are associated with values of strain energy in excess of the total energy.
Consequently, the magnitude of x, is constrained to relatively small values.

3.5.2‘ Resonance Relation 2, + Q, =0

Normalization of the Hamiltonian through degree four (see [63]) results in the fol-
lowing expressions for the nonzero constants appearing in Eq. (3.43).

- _ L1hl? . .
an = (2= I/D = 1/T)/4 = T (5065 + B)/12 + Thabo/6] - (3.5T)

Thl? B}
anptan = —(by+ b3)/2 +ﬁﬂh— [b2(20 /T, + 2b,/3) +
b3(211 /I3 + 2b3/3) — 4b,b3/3] (3.58)
ay = - 3as — (3.59)
21 - h/B)(1 - 1/T) (32)
Tl ] _
A = (by—by)/4+ /32% [b3(1/ T3 + bs) = by(I1/ T + by)] (3.60)
1
where
by = (L/L) /(1 - L)  (k=2,3) (3.61)

According to the stability criteria for the §2; + €, = 0 resonance relation, spin about the
minor axis is stable if

lais + @12 + axn + ax| > |A (3.62)

Stability diagrams in the 11/1-2-11/1—3 parameter space are given in Figures 3.13-
3.15. Boundaries of stability are obtained by finding the locus of points that satisfies the
equation

I(l]] + (AP + a + a‘)')l = |A| (363)
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Regions labeled as (S) and (U) are stable and unstable, respectively. Points within regions
labeled as (N) are not physically realizable; the sum of two principal moments of inertia
in these regions does not exceed the third.

Notice from Egs. (3.57-3.62) that the parameters affecting stability are I,/1, I,/ I,
/32% and as. - The value of /321% is increased uniformly from zero in Figure 3.13 to 0.20
in Figure 3.15. In each of the three figures as is equal to zero.

It is evident from Figures 3.13-3.15 that increasing the value of ﬂz% increases the

total area of the unstable regions. Increasing [32’—;1‘:—2 corresponds physically to moving the
rest position of the particle away from the carrier body mass center.

Results of two different simulations are presented in Figures 3.16 and 3.17 as a check
of the stability diagram given in Figure 3.15. Specific values of the parameters [,/1l; and
I,/I; used in the simulations correspond to the two marked points in Figure 3.15. Values
of all the other parameters and initial conditions are reported in Table 3.2. The stable
and unstable behavior exhibited in Figures 3.16 and 3.17, respectively, is consistent with
the stability diagram in Figure 3.15.

3.6 Summary

An investigation is made in this chapter of the stability of flexible structures spin-
ning about a principal axis of iertia. Particular attention is paid to the stability anal-
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ysis of spin about the minor axis. The structures under consideration are assumed to
be completely unrestrained, undamped, and free of applied moments. Central to the
development is the equivalence of the governing equations of motion to a Hamiltonian
system (see Chapter 2). Using this equivalence, existing theory for Hamiltonian systems
is applied to the stability analysis of rotating structures.

It is shown that a motion which is spin stable in the linear approximation may be
unstable when nonlinear terms are included. For linearly stable systems, the existence of
at least one low-order resonance relation among the characteristic frequencies is typically
required for instability. Stability criteria are developed for systems satisfying a single
resonance relation of order four or less. Guidelines are also provided for determining the
stability of systems possesssing multiple resonance relations. An example is provided
to demonstrate the application of the stability criteria. Results based upon numerical
integration of the equations of motion are shown to be consistent with the results of the
stability analysis.
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4. Modeling

This chapter is concerned with the investigation and development of a recently for-
mulated method for modeling rotating flexible structures. Originally proposed by Segal-
man and Dohrmann [51], the method employs a quadratically coupled set of deformation
modes to account for geometric stiffening effects. These stiffening effects are not ac-
counted for when conventional linear approaches are adopted.

An exposition is presented of the key features of the new method. Expressions
are derived for the strain energy and kinetic energy of a structure in terms of a set of
generalized degrees of freedom. These expressions can be used together with results from
Chapter 2 to form the equations of motion. Reciprocal relations are established between
the deformation modes using an argument based upon conservation of energy.

Computational techniques are developed which facilitate the application of the method.
It is shown how all of the terms appearing in the equations of motion can be determined
using a finite element analysis code. Motion studies of specific problems found in the
literature are provided for purposes of verification. The computational advantages of the
new method over a commercially available finite element analysis code are also shown.

4.1 Background

As was noted in Chapter 1, the literature on rotating flexible structures is quite
extensive. It is apparent that a great deal of attention has been focused on the analysis of
beam-type structures. A lesser, yet significant, effort has been directed towards rotating
plates and shells. In both cases, the approaches vary in complexity from the use of fully
nonlinear, geometrically exact theories to linearization of the governing equations about
an equilibrium.

Unfortunately, a large segment of the literature may not be of much practical use to
the analyst. Many papers offer fundamental insight into the behavior of rotating struc-
tures, but their usefulness for quantitative prediction is limited to the specific problem
analyzed. Such limitations provided much of the impetus for the present work.

Introduction of the finite element method significantly broadened the size and types
of problems that can be analyzed. The dynamic response of nonrotating structures can
be determined in a straightforward, efficient manner using any one of a number of com-
mercially available programs. Commercial codes can also be used to study the dynamics
of structures undergoing large angle motions, but the computational requirements may
become excessive even for relatively simple structures.
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Figure 4.1. Simple illustration of linear and quadratic modes for a pendulum.

Several authors have presented theories for efficiently incorporating finite element
methods into the analysis of rotating flexible structures. Most closely related to the
present method is the work of Zeiler [49] and Banerjee and Dickens [50]. In both of
these approaches, geometric stiffness matrices are calculated for different combinations
of steady inertial Joads. These matrices are then used during a dynamic simulation
to provide the geometric (centrifugal) stiffening. Not unlike the present method, these
approaches reduce the computational requirements for a problem by using a relatively
small number of generalized degrees of freedom.

4.2 Introduction

The present method is similar to a conventional assumed mode approach with the
addition that nonlinear terms are retained in the kinematics of deformation. As an
illustration, consider the small amplitude motion of the vertical pendulum shown in
Figure 4.1. The linear mode is associated with the horizontal motion and the quadratic
mode is associated with the smaller vertical motion. The terminology “quadratic” mode
derives from the observation that for horizontal displacements of amplitude ¢, the vertical
displacements have amplitudes proportional to ¢2.

Linear and quadfatic modes can be calculated analytically for simple problems like
the pendulum, or, as is shown later, with a finite element analysis code for more compli-
cated structures. Once obtained, the mode shapes are used in forming the equations of

64



motion.

The contribution of the quadratic modes to the equations of motion becomes impor-
tant when existing loads have a significant geometric stiffening effect. For the pendulum
shown in Figure 4.1, the restoring effect of gravity is predicted only if the second order
motion in the vertical direction is included. An analogous situation is observed in beams
where the effect of an axial load on the transverse stiffness is accounted for only when a
nonlinear theory is used.

The present method provides an efficient means for modeling the dynamics of ro-
tating flexible structures. The method accounts for nonlinear effects such as geometric
stiffening and is applicable to a broad range of structures. Practical application of the
method is facilitated through the use of a nonlinear finite element analysis code.

4.3 Theoretical Development

The basic idea underlying the present approach is to express elastic deformations
in terms of the nonlinear response of a structure to a set of static loads. To illustrate,
consider the system of particles shown in Figure 2.1. Fixing the reference frame B, the
system is subjected to a static loading in which the force acting on the I'th particle is
given by

g, na) = afl  (=1,...,N,) (4.1)
i=1

where ¢q,...,q, denote generalized degrees of freedom. The set of vectors f! for | =
1,..., N, is collectively referred to as the 2’th basis force.

The complete, nonlinear, static response to the loading given by Eq. (4.1) can be
expressed as a Taylor series expansion. Retaining only the linear and quadratic terms of
this expansion, one obtains

ul(qla"'aqn) = Z‘I:d’i'*'zth(b'/’i] (l: 1v"'7Np) (42)
i=1

=1 j=1

where ¢£ and 1/)51 denote elements of the linear and quadratic modes, respectively. It is

assumed, without loss of generality, that ¢£J = t/)ﬁ, for all 7 and ;.

Notice that Eq. (4.2) simplifies to a conventional assumed mode approach if the
quadratic terms in the ¢;’s are neglected. It is shown later that the quadratic terms in
Eq. (4.2) must be retained in order to account for geometric stiffening.

It is evident from Egs. (4.1) and (4.2) that the linear and quadratic modes are
determined by the choice of the basis forces. Often it is appropriate to associate the
basis forces with the natural modes of vibration, however, there is no restriction on their
choice.




4.3.1 Reference Frames

Recall from Chapter 2 that the reference frame B is intended to follow the nominal
rigid body motion of the system. A discussion of several options for accomplishing this
is given by Canavin and Likins [32]. Two such options, the locally attached and Buckens
frames, are discussed below.

For a locally attached frame, B is rigidly fixed to a specific part of the system.
A simple illustration is provided by a turbine in which blades are attached to a rigid,
rotating hub. Here, the reference frame B could be chosen as the hub itself. Example
problems are presented later which make use of locally attached frames.

A second option which is useful for unrestrained systems is the Buckens frame. It
was shown by de Veubeke [31] that such a frame has the appealing feature that the
mean square of relative displacement is minimized. In addition, a condition of zero
relative linear momentum and a linearized condition of zero relative angular momentum
are satisfied.

It is assumed in the previous section that B remains fixed during the static loading.
In the context of the illustration for the locally attached frame, this condition simply
means that the hub is made stationary. For the Buckens frame, this condition implies

that
NP

D omy(r +u) =0 (4.3)

1=1

and
Np
zm;(ri xu') =0 (4.4)
i=1

Implicit in Eq. (4.3) is the assumption that the origin of B coincides with the mass center
of the system.

Equations (4.3) and (4.4) represent linear constraints which are imposed during the
static loading. Such constraints are easily accomodated by the finite element method.

4.3.2 Strain Energy

An expression for the strain energy in terms of the ¢;’s is derived in this section. To
begin, consider a quasi-static application of the basis forces to the system. Fixing the
¢i’s, the loads on the system are assumed to be given by

n

fl(s) = ZS(Iif,'l (I=1,...,N,) | (4.5)

=1

where s varies from zero to unity.
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It follows from conservation of energy that the work done by the applied loads equals
the change in the strain energy, U, of the system. Thus,

Np
U = Z/f‘(s) du!

(4:243) E(szq,qu,. .+ ZZZqzq,qkf ¢Jk> (4.6)

=1 j=1 11]1k1

It is assumed in the derivation of Eq. (4.6) that all of the loads are applied simulta-
neously. Consider an alternative scenario in which:
1. The loads associated with the basis force 7 are applied.
2. While holding the loads from Step 1 constant, the loads associated with the basis

force j are applied.

The changes in strain energy resulting from Steps 1 and 2 are given, respectively, by

Np

1.
Li=Y —¢f! 3l o 4.7
t ;2«1& 4+ 2ot (47)
and
Np |
Ui = D 508 &+ 308 ¥ + qafl - 4 +

=1

2q} gt} - ¥y + q.-q‘;-<f;~ S+ 1 3) (4.8)

The total change in strain energy, U;;, is the sum of U; and U;. Thus,

Np

4.74.8 1, . .
Us “EV S (@ gl 4+ S+ )+
=1
Gig;f! - 8 + 22 q;fL bl + qi (- W, + £ - ) (4.9)

The strain energy is independent of the order of the loading, hence,
Uiy =Uji (4.10)

Substitution of Eq. (4.9) into Eq. (4.10) and equating like powers in the ¢;’s yields the
reciprocal relations

N, Ny
dflgi=>f-4 (L,i=1,..,n) (4.11)
=1 =1
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and
Np Ny
Sotlg=) fogl (i,i=1,...,n) (4.12)
=1 =1

Equations (4.11) and (4.12) can be used as a check once the linear and quadratic modes
are determined.
4.3.3 Kinetic Energy

Recall from Chapter 2 that the kinetic energy of the system can be expressed con-
veniently in terms of the mass matrix, M. Expressions are developed in this section for
the elements of M in terms of the ¢;’s.

Equations (2.14) and (2.22) are repeated below for convenience.

T 1 & 8ui . 1 ! dui . 1 ; ‘
= 3 ; my 8_%"]{ + ekm,,wm(7p + up) 34, 4; + €xgrwy (7, + u,) (4.13)
1 . . . .
T = 5[“’1 Wy w3 Gt -+ Gu]Mwi wy w3 Gy - Gu]” (4.14)

Expansion of Eqs. (4.13) and (4.14) and equating the coefficients of like terms yields

NP
my = ) my[(ry +up)’ 4 (rh + ug)?] (4.15)
=1
Np
myy = my [(r3 +ug)” + (r] + u})?] (4.16)
=1
P
maz = my [(74 +ud) 4 (o + u.lz)z] (4.17)
l=1
my, = —Zml L ud) (0 + b)) (4.18)
NP
miz = — Z my(1 L4 ud) (4.19)
NP
My = — Z my( L4 ud) (4.20)
NP
O 0 :
my 43 = Z"ll [(712 ) u3 ( + 3) 1;2] 7=1,...,n) (4.21)
: =1 J
- ('?u’1 | | dué] ,
my itz = my +u ry +uy)— 1=1,...,n 4.22
wo = Lom[Ch TR -0l e G| ) ()
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Np

(]

m3jt3 =

[ Oul ou! ]
m +u +u
i[04+ ) 5o~ ()
N
- Oul Oul Oub Oul  Oul Bul . .
Miy3i43 = Z [dq, B, + Ba: 9a; + B4 3qj] (3,7 =1,...,n) (4.24)

Equations with explicit dependence on the ¢;’s are obtained from substitution of

(& Z ré, - bi + Z Z ¢a¥h, by (k=1,2,3) (4.25)

r=1 s=1

into Eqs. (4.15-4.24).

It is shown in Chapter 2 that the equations of motion can be expressed entirely in
terms of the strain energy and the mass matrix. Thus, the governing equations can be
formed once the right hand side of Eqs. (4.6) and (4.15-4.24) are known.

4.3.4 Effects of Moments and Rotational Inertia

Recall from 4.3 that the static loading used to determine the linear and quadratic
modes only involves concentrated forces. Moreover, in the derivation of Eq. (4.13) the
particles of the system are assumed to be point masses with zero rotational inertia. The
development is extended in this section to account for the effects of concentrated moments
and rotational inertia.

As before, the static forces acting on the system are assumed to be given by Eq. (4.1).
Provision is now made for the loading to include concentrated moments as well. Letting
t! denote the moment acting on the I’th particle, one assumes that

tl((h,...,(],l) = Z(]zti (l= 17~'~’Np) (426)

where the vectors t! (I = 1,..., N,) comprise the 7’th basis torque. Like the basis forces,
the basis torques can be associated with the natural modes of vibration, however, there
is no restriction on their choice.

The static response to the loading given by Eqs. (4.1) and (4.26) can be expanded
as a Taylor series. The deflections of the particles are expressed as before by Eq. (4.2),
whereas the rotations are given by

01((]1)"'7(171) = Z(L‘Pi (l= 1,...,Np) (427)

Notice that only the linear terms of the Taylor series are retained in Eq. (4.27). This
is in contrast to Eq. (4.2) where quadratic terms are retained in order to account for
geometric stiffening.
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The inclusion of applied moments and rotational inertia in the formulation necessi-
tates slight modifications to the equations obtained earlier for the strain energy and the
mass matrix. Once these modifications are made, the equations of motion are formed in
the same manner as before. It is noted that in many problems the effects of rotational
inertia can be neglected without affecting the results of simulations significantly.

Strain Energy

To determine the strain energy, it is necessary now to also include the work done by
the concentrated moments. Therefore, one must add to the right hand side of Eq. (4.6)

the term U!, where
n n

z L3 gt o (4.28)

=1 =1 j=1

Mass Matrix

Let ct,ci,ch denote unit vectors fixed in the I’th particle and parallel to by,bs,bs
when the system is undeformed. It is assumed, for simplicity, that the inertia dyadic of
the I’th particle is diagonal and given by

I' = Iiclcl + Iicheh + Iichch (4.29)
Defining,
=@l by (k=1,23) (4.30)
and .
=S adk (k=123 (431)
i=1 _

the rotational kinetic energy, T™, of the I’th particle is given by

3
T 1 y Q¢
T" =3 > Iw,)? (4.32)
k=1
where N
Wi = Wi+ epgrwgbh + Gl (k=1,2,3) (4.33)
1=1

It follows from Eqgs. (4.32) and (4.33) that the required additions to the mass matrix are
given by

N}’
myy = Y I} + I(65) + I(65)° (4.34)
. =1
m}, = 21 + I4(64)% + 11 (64)? (4.35)
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Np .
my = 3 I+ 1(6)* + 13(6})? (4.36)
=1

Np
my, = Y (I — I})65 — 1386} (4.37)
=1
Ny
miy = Y (I4—1})8; — 1;056] (4.38)
Np
miy = Y (I3 - 156 — 16565 (4.39)
l 1
Mmooy = Z Lol + Ihplsth — Lpnby  (G=1,...,n) (4.40)
My = E Iz‘sz + 11@;101 139933011 (G=1...,n) (4.41)
My = 213%3 l(pﬂﬂl Iicpﬂ().‘z (j=1,...,n) (4.42)

7nt-&-? G430 T z Il(P:l‘PJI + ]Z(PzZ(PJZ + 13(&‘39033 (Z,] =1,... an) (4'43)

4.4 Computational Techniques

The inertia properties and the linear and quadratic modes of a structure must be
determined in order to apply the present approach. For simple problems, it may be pos-
sible to obtain closed-form expressions for these quantities. More complicated problems
may require the use of numerical techniques.

A major advantage of the present approach is its applicability to a variety of prob-
lems. By utilizing a finite element analysis code capable of nonlinear static analysis, the
linear and quadratic modes can be determined for a wide range of structures. Codes capa-
ble of linear dynamic analysis can be used to calculate the necessary mass and rotational
inertia terms.

Computational techniques are presented in this section which make use of finite
element analysis results to determine all of the required quantities. A discussion is also
provided on how to determine the basis forces and torques associated with the natural
modes of vibration.
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4.4.1 Calculation of Linear and Quadratic Modes

Recall that the linear and quadratic modes are defined in terms of the static response
of a system to the loading given by Eqgs. (4.1) and (4.26).3 Let u/(s;) denote the static
deflection of the I’th particle for a loading in which ¢; = s; and ¢; = 0 for j # . The
Taylor series expansion of u'(s;) is given by

u'(s;) = sidh + sipl; + 2P+ *PL+ PP 4+ O(s}) (4.44)

where ™ P! denotes a monomial of degree m in the variable s;. Similarly,

w(—s;) = —sidl+ Ml - PP+ P~ PPl 4 O(sD) (4.45)
w(2s) = 2.+ 457 +8CP) + 16(P) + 320 P + O(s?)  (4.46)
wl(=2s) = —2si8l+ 453l — 8P + 16(P) = 2P + O(s)  (4.47)

It follows from Eqs. (4.44-4.47) that

u’(s;) + u’(—Sg)

2
2s;

i
'pz'i =

+ O(s?) (z=1,...,n) (4.48)

and

t/)l~ _ 16[u'(s;) + u'(—s)] — [u(2s;) + u'(=2s,)]
" 245?

+ O(s}) (z=1,...,n) (4.49)

The numerators in Eqs. (4.48) and (4.49) can be evaluated using nonlinear static finite
element analysis results once a value of s; is specified. Estimates for the quadratic modes
are then obtained by neglecting the higher order terms in these equations.

The accuracy of the estimates for the quadratic modes depends to a large extent
on the value chosen for s;. If computers had unlimited precision, then one could simply
assign a very small value to s; and obtain excellent results. This is not advisable for
practical purposes since s? appears in the denominators of Eqs. (4.48) and (4.49).

Experience indicates that for double precision arithmetic s; should be chosen such
that the maximum displacement is somewhere between 10~ and 10~° times the maximum
dimension of the structure. The accuracy of the estimates can be measured by the
agreement between the results from Eqs. (4.48) and (4.49). It may be necessary in some
cases to modify the initial choice for s;.

Equations for estimating the quadratic modes tbi] with ¢ # j are presented below.
Let u'(s;, s;) denote the static deflection of the I’th particle for a loading with ¢; = s;,
q; = s, and g, = 0 for k # 7 and k # j. Expanding u'(s;, s;) as a Taylor series yields

(85, 55) = si@i+ 5,8, + STl + 2,9 + sI5; + PPL+ TPL+ PP+ O(s2 4 58) (4.50)

3Loads involving concentrated moments are permitted only for finite element models which have rota-
tional degrees of freedom. Examples include structures modeled with beams, plates, or shells.
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where ™ Pf]- denotes a polynomial containing only degree m terms in the variables s; and

S;.

Using Eqgs. (4.44) and Eq. (4.50) one obtains

0 (si, 55) = 25095, + B + P+ PPS 4 O(sF + 55) (4.51)
where
ﬁl(.S;,.Sj) = ul(Sg, SJ') - ul(S,') - UI(SJ') (452)
and
mpl=mp._mpl _mp! 4.53
t7 37 t 2
Similarly,
G'(—si,—s;) = 23,~sjt,b£j — 313‘8 + 413in - spilj + O(s{ + %) (4.54)
0!(2si,2s;) = 8sis;¥h +8(CPL) +16(*PL) + 32(°P) + O(s¥ + %) (4.55)
l(—2s;,—2s;) = 8sis;¥h; — 8(CPL) +16(*PL) — 32(°P}) + O(s? + 55)  (4.56)

It follows from Eqs. (4.51) and (4.54-4.56) that

o 0(si,s5) + 0 (=si, ;)

'l’fj =

+ O(s} + s2) (t=1,...,n), F=t+1,...,n) (4.57)

48,'3]'
and
o = 16[0 (s, 8;) + 0! (=s4, —s;)] = [@!(2s4, 25;) + 4! (=2s;, —2s;)] +O(s + %)
48s;s;
(t=1,...,n), (J=1+1,...,n) (4.58)

Estimates for the quadratic modes are obtained by neglecting the higher order terms in
Eqgs. (4.57) and (4.58). Here again, the accuracy of the estimates can be measured by
the agreement between the results from these two equations.

The linear modes are determined by considering again the loading in which ¢; = s;
and q; = 0 for j # i. The displacements and rotations calculated from a linear static
finite element analysis are denoted by uj; (s;) and 8. (s:), respectively. The linear modes
are given by

¢ = ul (si)/si (:=1,...,n) (4.59)
and
ot =0 (s:)/s: (i=1,...,n) (4.60)

Equations (4.48-4.49) and (4.57-4.58) show that the calculation of each quadratic
mode requires four different analyses. Thus, the total number of nonlinear static analyses
required is equal to 2n(n + 1). A total of n linear static analyses are needed to calculate
the linear modes.
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4.4.2 Calculation of Masses and Rotational Inertias

A method is presented in this section for determining the particle masses and rota-
tional inertias given a finite element model of the structure. The method is based upon
the idea of identifying the particles with the nodes of a finite element model. Practical
use of the method is facilitated by a finite element analysis code capable of linear dynamic
analysis.

The linear equations of motion for a displacement-based finite element method are
expressed in matrix notation as

Mfeil + Kfeu = f (461)

where M, and K/, are the mass and stiffness matrices, respectively. The column matrix
u contains all of the translational and rotational nodal degrees of freedom; f contains
the corresponding applied forces and moments.

If the elastic properties of each material in the model are reduced to zero, then all

of the elements of the stiffness matrix become equal to zero. Accordingly, Eq. (4.61)
simplifies to

Mg = f (4.62)

Consider now imposing a constant value, a, of acceleration on all of the degrees of freedom
associated with translation in the global 1-direction. The reaction forces necessary to
accomplish this motion are contained in f, which can be determined from a single time
step in a linear dynamic analysis. The mass of the I’th particle is then given by

my = (f! - by)/a (I=1,...,N,) (4.63)
where f! is the reaction force acting on the I’th node.
Use of Eq. (4.63) amounts to lumping the mass of the structure at the nodes. Such

an approximation is reasonable as long as there is a sufficient number of nodes in the
model.

The rotational inertias of the particles are determined in a manner similar to that
for the masses. Consider imposing a constant value, ai, of angular acceleration on all
of the degrees of freedom associated with rotation in the global k-direction. Assuming a
diagonal inertia dyadic, the rotational inertia scalars are given by

I=(ml, b/, (I=1,....N,), (k=1,2,3) (4.64)

where m!, is the reaction moment acting on the I’th node.

4.4.3 Basis Forces and Torques for Natural Modes

The natural modes of vibration of a structure are often used in assumed mode
approaches as a basis for the description of elastic deformations. A procedure for deter-
mining the basis forces and torques associated with these modes is described below.
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In the context of the finite element method, the frequenciés, w;, and the mode shapes,
éi, for the natural modes of vibration are obtained by solving the generalized eigenvalue
problem

(Kfe _wisze)¢i =0 (465)

The static loads, f;, required to deform the structure into the mode shape ¢; are
given by
fi= Ko (4.66)

Thus, one possible approach to determine the associated basis forces and torques is to
impose the deformations given by ¢; in a linear static analysis and calculate the reaction
forces and moments.

Solving Eq. (4.65) for K.4; and substituting the result into Eq. (4.66) yields
f,- = Mfe(w?gﬁi) (467)

which, when compared with Eq. (4.62), motivates the following alternative approach for
determining f; which does not explicity require the mass matrix:

1. Reduce the elastic properties of each material in the model to zero.

2. Impose the accelerations given by w?¢; in one step of a linear dynamic analysis and
calculate the reaction forces and moments.

The latter approach is preferred to the former because of the possible ill-conditioning of
the stiffness matrix.

4.5 Example Problems

Example problems are presented in this section to demonstrate the use of the present
approach. The first example involves a single degree of freedom system and is used
to highlight the importance of quadratic kinematics in rotating structures. A rotating
cantilevered beam is considered in the second example and comparisons made with results
from the literature. The third example deals with the motion of a rotating cantilevered
plate. Here, comparisons are made both with results from the literature and a commercial
finite element analysis code capable of geometric nonlinear dynamic analysis. The final
example examines the motion of an unrestrained, rotating flexible structure.

4.5.1 Example 1

The system.for the first example is shown in Figure 4.2 and consists of a rigid link
of length [ pinned to a rigid hub of radius . Relative angular motion between the link
and the hub is restrained by a torsional spring with spring constant k. The mass, m, of



™~

pinned connection
with torsional spring

rotating hub

Figure 4.2. Sketch of the system for Example 1.

the link is concentrated at its tip, and unit vectors by and b, are fixed within the hub.
The rotation rate, w, of the hub is assumed to be a specified function of time.

The primary purpose of this example is to provide a simple illustration of the impor-
tance of quadratic kinematics in rotating systems. This is accomplished by comparing the
linearized equations of motion for the system obtained from two different approaches. In
the first approach, both the linear and the quadratic modes are included in the derivation.
In the second approach, only the linear mode is considered.

Quadratic Kinematics

A logical choice for the basis force associated with the tip mass is (k/l)b,. Thus,

41)

£(q) ‘2 (k/1)gb, (4.68)

The tip deflection (to second order in ¢) which results from fixing the hub and applying
the force in Eq. (4.68) is given by

(4.2)

u(q) = gqlb, + ¢*b, (4.69)
where
= -1/2 (4.70)
The velocity, v, of the tip mass in an inertial frame, N, is given by
d
Vv = N% (7+1)b] +U((I)]
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U2 (204 — wal)by + [§ + w(r + 1+ ¢*)]b, (4.71)

and hence, the kinetic energy, T, is expressed as

T = %m (2409 — wal)® + 61 + w(r + 1+ )] (4.72)

The strain energy, U, is given simply by

U= %qu (4.73)

Substitution of Eqgs. (4.72) and (4.73) into Lagrange’s equation and linearization of
the result yields

G+ w2 —w? =221 +7/D)(/D)]g = —w(1 + /1) (4.74)
where
Wt = (4.75)
*oml? .
Upon substitution of Eq. (4.70) into (4.74) one arrives at
§+ (w2 +w(r/D)g = —o(1 +7/l) (4.76)

Linear Kinematics

Consideration of only linear kinematics amounts to setting 1 equal to zero in Eq. (4.69),
and thus assuming

u(q) = qlb; (4.77)

The linearized equation of motion derived under this assumption is obtained by setting
1 equal to zero in Eq. (4.74). The result is

i+ (w2 — wlg = —o(1 + /1) (4.78)

Discussion

It is evident from comparison of Eqs. (4.76) and (4.78) that the two approaches
result in different linearized equations of motion. The geometric (centrifugal) stiffening
of the system is predicted correctly by Eq. (4.76) when the quadratic kinematics are
included in the derivation. This is in contrast to Eq. (4.78) which indicates a softening
of the system. The differences between the two equations become significant when the
absolute value of the spin rate is of the same order of magnitude as w,,.

This example illustrates that a conventional assumed mode approach based on linear
kinematics may lead to spurious equations of motion unless some corrective measure is
taken. The corrective measure in Refs. [49] and [50] is to include geometric stiffness
matrices in the analysis. The present approach does not require the use of such matrices;
geometric stiffening is accounted for implicitly by the quadratic modes.
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length = 10
El=14 x 10°
EA = 2.8 x 10’

PA=12

fixed in rotating frame

Figure 4.3. Sketch of the system for Example 2.

4.5.2 Example 2

This example deals with the motion of a cantilevered beam rotating about an axis
perpendicular to its length. The beam properties are reported in Figure 4.3 and corre-
spond to those for a problem considered previously in the literature. The spin rate, w, of
the cantilevered end of the beam is assumed to be a prescribed function of time given by

w(t) = { Q/T[t - (T/2n)sin(27t/T)] 0<t<T

Q > T (4.79)

A finite element model consisting of eight linearly interpolated beam elements was
constructed using the commercially available code, ABAQUS [66]. An eigenvalue anal-
ysis of the cantilevered beam was performed to determine the first two linear modes of
vibration. The basis forces associated with these modes were then used to determine the
quadratic modes. The effects of rotational inertia are small in this problem and therefore
were neglected. '

The linearized equations of motion are expressed in matrix notation as
Mji+ (K +wKa)g=wf (4.80)

where, for n = 2,

(4.81)

—0.0091  3.2590

3.0342  —0.0091
M‘[ ] K=1_0130 17767

[ 43.206 —0.130
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[ 0.5658 2.1053 la [ 34444 ‘
B =1 91083 16.445]’ 1= [q.z]’ f‘[ 5.8502 ] (4:82)

The equation of motion for a single generalized degree of freedom (n = 1) is obtained by

setting g; = 0 in Eq. (4.80)
The transverse tip deflection, u,, is given in terms of ¢; and ¢, by

ug = (1.000)g, + (0.997)g; (4.83)

The equations for a conventional assumed mode (CAM) approach based on linear
kinematics are identical to Eqs. (4.80-4.83) with the exception that

—3.0341 0.0091
0.0091 —3.2590

sz =

(4.84)

Plots of the transverse tip deflection are shown in Figure 4.4 for a spin-up maneuver
defined by Eq. (4.79) with = 6 and T = 15. Very similar results are obtained with the
present approach for the one mode (n = 1) and two mode (n = 2) approximations. In
both cases, the results indicate a stable response of the beam. The results based upon
the CAM approach exhibit unstable behavior.

The unstable growth of the CAM solution is explained by observing that at least one
of the eigenvalues of the matrix K +w? K2 is negative for |w| > 3.77 rad/sec. Thus, under
these conditions, the homogeneous solution to Eq. (4.80) contains terms with exponential
growth. In contrast, both eigenvalues of K + w?K, are always positive for the present
approach since K2 is positive definite.

Simo and Vu-Quoc [42] previously studied the motion of this same problem using
beam elements which employ a finite strain theory capable of accounting for large rota-
tions. A plot of the transverse tip deflection obtained using their approach is shown in
Figure 4.5. Notice the excellent agreement with the results shown in Figure 4.4.

A major advantage of the present method is that the computational requirements for
a problem can often be reduced by using a relatively small number of generalized degrees
of freedom. For this example, very good estimates for the transverse tip deflection are
obtained using just a single generalized degree of freedom. The computational advantages
of the present method are made even more apparent in the next example.

4.5.3 Example 3

The third example deals with the motion of a plate rotating about a fixed axis
which is aligned with its cantilevered edge. The dimensions for the plate are shown in
Figure 4.6 and correspond to those used in an earlier study by Banerjee and Dickens
[50]. The density and Poisson’s ratio of the material are taken as those of steel and the
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Figure 4.4. Tip deflection of cantilevered beam for spin-up maneuver with = 6 and
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Figure 4.5. Tip deflection of cantilevered beam for spin-up maneuver with £ = 6 and
T = 15. Results are taken from Ref. 42.
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48 inches

72 inches

Figure 4.6. Sketch of the system for Example 3.

elastic modulus is chosen to yield a first natural frequency of 0.75 rad/sec. The spin rate
of a rotating frame attached to the fixed edge of the plate is assumed to be a specified
function of time given by Eq. (4.79).

An ABAQUS model of the plate was constructed using an 8x6 mesh of S4R5 shell
elements. The first three linear modes of vibration for the plate were calculated using
ABAQUS and are shown in Figure 4.7. Procedures outlined earlier were then used to
determine the quadratic modes and nodal masses. The effects of rotational inertia were
neglected.

A simulation was performed for a spin-up maneuver with € = 1.25 rad/sec and
T = 30 sec in an attempt to verify the present approach. The maximum transverse
deflection of a corner of the plate was determined to be in excess of 10 inches. A plot
for the same problem taken from Ref. 50 and shown in Figure 4.8 indicates, however, a
maximum deflection of only about 0.3 inch.

Close examination of Figure 4.8 shows that there are very small residual oscillations
during the part of the spin-up maneuver in which @ = 0. Interestingly, these oscillations
appear to have a frequency much closer to 0.75 Hz than to 0.75 rad/sec. This observation
motivated the conjecture that perhaps the results in Figure 4.8 are for a cantilevered plate
with a first natural frequency of 0.75 Hz rather than 0.75 rad/sec.

To test this conjecture, the original value of the elastic modulus was increased by a
factor of (27)2. Simulation results for the stiffer plate shown in Figure 4.9 are in excellent
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Figure 4.7. First three mode shapes of cantilevered plate. Both the undeformed and
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agreement with those in Figure 4.8. Different sign conventions are adopted in the two
figures; both indicate the corner deflection lags the motion of the rotating frame during
the period 0 < t < 30 sec. Notice that the results based upon a CAM approach are also
in reasonable agreement.

Simulations were also performed using the original value of the elastic modulus for
a spin-up maneuver with @ = 0.8 rad/sec and T = 50 sec. This example examines the
situation where the steady value of the spin rate rate exceeds the first natural frequency of
the nonrotating plate. Plots of the transverse corner deflection are shown in Figure 4.10
for both one mode and three mode approximations. The second mode is antisymmetric
(see Fig. 4.7) and therefore is not excited. Results are also shown in the figure for the
CAM approach. As in the cantilevered beam example, the results based upon the CAM
approach exhibit physically unrealistic behavior.

For purposes of comparison, ABAQUS was used directly to simulate the motion for
the above spin-up maneuver. The same model of the plate used earlier was employed in
a geometrically nonlinear dynamic analysis using the convergence parameters reported in
Figure 4.11. The corner tip deflection was obtained by projecting the ABAQUS results
onto a coordinate system fixed in the rotating reference frame. The ABAQUS results are
in excellent agreement with those shown in Figure 4.10.

Two different values of the parameter HAFTOL were used to obtain the results
shown in Figure 4.11. This parameter affects the accuracy of the solution by controlling
the automatic time incrementation scheme used by ABAQUS. Smaller values of this
parameter generally result in more accurate solutions.

The cpu times on a VAX 8550 for HAFTOL=3000 and HAFTOL=300 were 2.7
hours and 8.2 hours, respectively. In contrast, the cpu time required by the present
approach to numerically integrate the equations of motion was only 3.5 seconds?. The
differences in the computational requirements for ABAQUS and the present approach
are clearly significant.

The above example demonstrates that simulation of large angle motions with a
commercial code may not always be practical. A great deal of computing resources were
required to obtain the results in Figure 4.11 even though the total rotation of the plate
was only about three quarters of one revolution.

4.5.4 Example 4

The final example examines the motion of the plate used in Example 3 when all four
edges are free. In contrast to the previous three examples, the motion here is completely
unrestrained. In addition, the analysis employs a Buckens reference frame as opposed

4The total cpu time to form the equations of motion for n = 3 was around 5 minutes.
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Figure 4.8. Corner deflection of cantilevered plate for spin-up maneuver with
2 = 1.25 rad/sec and T = 30 sec. Results are taken from Ref. 50.
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Figure 4.11. Corner deflection of cantilevered plate for spin-up maneuver with
Q = 0.8 rad/sec and T = 50. Results obtained using ABAQUS with
parameters PTOL=1 x 10~* and MTOL=8 x 107*.
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to a locally attached frame. The first three flexible modes of vibration calculated using
ABAQUS are shown in Figure 4.12.

The orientation of the Buckens frame is chosen such that b, (see Fig. 2.1) is per-
pendicular to the plane of the undeformed plate. The initial angle between the angular
momentum vector and b, is 5 degrees for the motion under consideration. Moreover, the
plate is initially deformed into the shape of its first flexible mode.

Plots of ‘corner deflection relative to the Buckens frame are shown in Figures 4.13
and 4.14 for nominal spin rates of 1 rad/sec and 4 rad/sec (see Eq. (2.29)). The results
shown in the two figures were obtained from numerical integration of Egs. (2.35-2.39).
The first mode remains uncoupled from the others even for nonzero values of the spin
rate. As such, the response shown in the two figures is entirely from the first mode.

Comparing the two sets of results in Figure 4.13 shows that the CAM approach pre-
dicts a plate vibration frequency lower than that of the present approach. The differences
are even more pronounced in Figure 4.14 when the spin rate is increased by a factor of
four. It is clear from comparison of the two figures that the present approach predicts
the expected increase in the frequency of vibration with increased spin rate. Quite the
opposite is observed for the results based on the CAM approach which fails to account
for the stiffening effect.

4.6 Summary

A new method for modeling rotating flexible structures is developed and investigated
in this chapter. The method is similar to conventional assumed mode approaches with the
addition that quadratic terms are retained in the kinematics of deformation. Retention
of these terms is shown to account for the geometric stiffening effects which occur in
rotating structures.

Reciprocal relations are established between the deformation modes by using an
argument based upon conservation of energy. Expressions are also developed for the
strain energy and kinetic energy of a structure in terms of a set of generalized degrees
of freedom. These expressions can be used together with results from Chapter 2 to form
the equations of motion.

Computational techniques are developed for the practical implementation of the
method. The techniques make use of finite element analysis results, and thus are appli-
cable to a wide variety of structures. It is shown that all of the terms appearing in the
equations of motion can be determined by utilizing a finite element analysis code capable
of nonlinear static and linear dynamic analysis.

Motion studies of specific problems are provided to demonstrate the validity of the
new method. Excellent agreement is found both with results from the literature and ones
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Mode 1

Mode 2

Figure 4.12. First three mode shapes of unrestrained plate.
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Corner deflection of unrestrained plate for a nominal spin rate of 4

rad/sec.

Figure 4.14.



obtained from a commercial finite element analysis code capable of geometric nonlinear
dynamic analysis. The computational advantages of the new method are demonstrated.
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5. Conclusions

5.1 Summary of Results
5.1.1 Equations of Motion

Equations of motion are developed in Chapter 2 for rotating flexible structures that
are undamped and free of applied forces and moments. Central to the development
is the use of a floating reference frame which follows the overall rigid body motion of
the structure. Within this frame, elastic deformations are expressed as functions of n
generalized degrees of freedom. A nonlinear transformation of variables is devised which
permits the expression of the equations of motion as a Hamiltonian system with n + 1
degrees of freedom. This result is shown later to provide the basis for the analysis of
spin stability. Application of the transformation is illustrated for a problem involving
the torque-free motion of a rigid body.

5.1.2 Stability Analysis

The nonlinear stability of undamped flexible structures free of applied forces and
moments is investigated in Chapter 3 for spin about the minor axis. The equivalence
established between the equations of motion and a Hamiltonian system is used as an
avenue for the study of 'spin stability. It is shown that a motion which is spin stable
in the linear approximation may be unstable when nonlinear terms are included. For
linearly stable systems, the existence of at least one low-order resonance relation among
the characteristic frequencies is typically required for instability. Stability criteria are
developed in detail for systems satisfying a single resonance relation of order four or less.
General guidelines are also provided for determining the stability of systems possessing
multiple resonance relations. These criteria are applied to the stability analysis of an
example problem and confirmed by numerical integration of the equations of motion.

5.1.3 Modeling

A new method for modeling rotating flexible structures is developed and investigated
in Chapter 4. The method is similar to conventional assumed mode approaches with the
addition that quadratic terms are retained in the kinematics of deformation. Retention
of these terms is shown to account for the geometric stiffening effects which occur in
rotating structures.

Reciprocal relations are established between the deformation modes using an argu-
ment based upon conservation of energy. Expressions are also developed for the strain
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energy and kinetic energy of a structure in terms of a set of generalized degrees of free-
dom. These expressions can be used together with results from Chapter 2 to form the
equations of motion for a structure.

Computational techniques are developed for the practical implementation of the
method. The techniques make use of finite element analysis results, and thus are ap-
plicable to a wide variety of structures. It is shown that all of the terms appearing in
the equations of motion can be determined using a finite element analysis code capable
of nonlinear static and linear dynamic analysis. Motion studies of specific problems are
provided to demonstrate the validity of the new method. Excellent agreement is found
both with results from the literature and ones obtained from a commercial finite element
analysis code. The computational advantages of the new method are demonstrated.

5.2 Contributions

A significant contribution is made to the current understanding of the stability of
rotating flexible structures. In particular, a method of stability analysis is developed for
undamped structures spinning about the axis of minimum moment of inertia. Previous
work in the literature has dealt almost exclusively with the stability analysis of spin
about the axis of maximum moment of inertia.

A contribution is made towards a practical means for the motion simulation of rotat-
ing flexible structures. A new method of modeling is presented which can be implemented
efficiently and is applicable to a wide variety of different structures. The method pro-
vides a practical alternative to the use of commercial codes which may require excessive
amounts of camputer time.

A new transformation of variables is developed which allows the governing equations
of motion for rotating flexible structures to be expressed as a Hamiltonian system. Al-
though primarily of theoretical interest, the transfomation does have application to the
stability analysis of rotating systems.
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Appendix A
Example System

The system used in the examples of Chapter 3 is shown in Figure A.1 and described
below. A particle of mass m is connected to a carrier body, B, of mass M by a spring.
Unit vectors by, b,, b; fixed in B are parallel to the central principal axes of B. The
position of the particle relative to the mass center of B is given by

p = (h = lz;)by (A.1)

where z, is a generalized coordinate which is zero when the spring is unstretched. The
constant { in Eq. (A.1) is a given characteristic length, e.g., the dimension & if A # 0.

Figure A.1. Sketch of the system used in the examples of Chapter 3.
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The central principal moments of inertia of B are denoted by Iy, I, and I3. The angular
velocity of B in an inertial frame is expressed as

w = w1b1 + w2b2 + (.c)3b3 (A‘Z)
The tension in the spring connecting the particle to B is given by

f = k(lzy) + ks(lz,)? (A.3)

It can be shown that the kinetic energy, T, and strain energy, U, of the system are
given by

1 . . e ).
=3 {Lw? + (I + mBP(B — z2)2wi + (I3 + (B — z3)*|w] + mil*i3)} (A.4)

and . o
U= §k12z§ + Zk3l4m§ (A.5)
where
m
= (A.6)
B = hfl
m = m(l-a) (A.8)

Applying the procedure given in 2.2, one obtains

I/l I
{1+(__"1”/22—-—1)m2+ Ly

LI
(1+m[2 ) 192z2+2a5x2} (A.9)

G =

N —

and
1 L/ 3 + yi L,
H = =<1 -
2{ +(1+m12 ) +T‘nl2y2+
L1 2 $1 +yi k2, 4
L ¥k N | . ; .
(1 ¥ 2 (a) ) o v ) tnmntieny (A1)
where
I, = Li+mlp? (A.11)
1—3 = 13 + ,ﬁll‘lﬂ'l (A 12)
as = ]{,314/4 (Al:;)
f(z2) = —2Bxy+ 2% (A.14)
As an aside, it is noted that the Hamiltonian given by Eq. (A.10) is integrable if [, = I;

since H = H(z? + y?,3,9,).
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